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Let F be the underlying base field of characteristic p > 3 and denote by W and S
the even parts of the finite-dimensional generalized Witt Lie superalgebra W and
the special Lie superalgebra S, respectively. We first give the generator sets of the
Lie algebras W and S. Using certain properties of the canonical tori of W and S,
we then determine the derivation algebra ofW and the derivation space of S toW ,
where W is viewed as S-module by means of the adjoint representation. As a re-
sult, we describe explicitly the derivation algebra of S. Furthermore, we prove that
the outer derivation algebras of W and S are abelian Lie algebras or metabelian
Lie algebras with explicit structure. In particular, we give the dimension formulae
of the derivation algebras and outer derivation algebras of W and S. Thus we may
make a comparison between the even parts of the (outer) superderivation algebras
of W and S and the (outer) derivation algebras of the even parts of W and S,
respectively.
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0. Introduction
This paper considers finite-dimensional Lie algebras and Lie superalgebras over a field
of prime characteristic. As is well known, the theory of Lie superalgebras over a field of
characteristic zero has obtained plentiful fruits (see [4–5, 14]). But that is not the situa-
tion for modular Lie superalgebras, for example, the classification of finite-dimensional
simple modular Lie superalgebras has not been completed. We sketch the recent devel-
opment for modular Lie superalgebras. As far as we know, [6] may be the earliest paper
on modular Lie superalgebras, in which the p-structure and 2p-structure for modular
Lie superalgebras (analogous to p-mappings for modular Lie algebras) are introduced.
The (restricted) enveloping algebras for modular Lie superalgebras are studied in [12].
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The reader is also referred to a paper on Frobenius extensions and restricted modular
Lie superalgebras (see [3]). In [19] the four families of finite-dimensional Cartan-type
modular Lie superalgebras X(m,n; t) are constructed and the simplicity and restric-
tiveness are studied, where X = W,S,H, or K (These notations and other concepts
mentioned in this introduction will be further explained in Section 1). These mod-
ular Lie superalgebras are analogous to both finite-dimensional modular Lie algebras
of Cartan type and finite-dimensional Lie superalgebras of Cartan type over a field of
characteristic zero (see [4, 15]). In a recent paper [9] (see also [10]), we consider a new
family of finite-dimensional simple modular Lie superalgebras of Cartan type, which
are analogous to neither the finite-dimensional modular Lie algebras of Cartan type,
nor the finite-dimensional Lie superalgebras of Cartan type over a field of characteris-
tic zero. It is therefore conceivable that the classification of finite-dimensional simple
modular Lie superalgebras should not be trivial. For more information on modular Lie
superalgebras, the reader is referred to [7–12, 19–23].
Given any Lie superalgebra g = g0⊕g1, then the superderivation algebra of g is also a
Lie superalgebra, denoted by Der(g) = Der0(g)⊕Der1(g). Since g0 is a Lie algebra, one
can consider the derivation algebra Der(g0). A question naturally arises: What are the
relations between the derivation algebra of the Lie algebra g0 and the superderivation
algebra of g? More precisely, if we denote still by Der0(g) the Lie algebra consisting of
restrictions of the even superderivations to g0, can we assert that Der(g0) = Der0(g)?
Equivalently, can we assert that every derivation of the Lie algebra g0, the even part of
g, may extend to a superderivation of the Lie superalgebra g? In this paper, as direct
consequences of our results, these questions will be answered for the Lie superalgebras
W and S of Cartan type over a field of prime characteristic.
Let F be the underlying base field of characteristic p > 3. Let W and S denote the
even parts of the Lie superalgebras W and S, respectively. In this paper we shall study
the derivation algebras and the outer derivation algebras of these two Lie algebras in
a systematic way and one of the main purposes of this paper is to lay the foundations
for future studies on modular Lie superalgebras of Cartan type. Let L denote W or
S, and Der(L,W) the space of derivations of L to W, where W is viewed as L-module
by means of adjoint representation. By our notation, Der(W) = Der(W,W) is the
derivation algebra of W. Let L = ⊕i≥−1Li be the natural Z-gradation of L. Just as
in the case of Lie superlagebras W and S of Cartan type, one may prove that any
derivation in Der(L,W) can be reduced (by modulo a suitable inner derivation) to be
a derivation vanishing on L−1. However, in contrast to the case of Lie superalgebras W
and S of Cartan type, one cannot obtain directly that a derivation vanishing on L−1
must be zero, since L is neither transitive nor admissibly graded in general. Thus it
is conceivable that the top L−1 ⊕ L0 will play an important role in the studies on the
derivations. Indeed, just as we shall see, any two derivations of nonnegative Z-degree
in Der(L,W) which coincide on the top L−1 ⊕ L0 differ with only an inner derivation
(see Corollaries 3.1.5 and 4.1.4), where L = W or S. This motivates us to consider
whether every derivation of nonnegative Z-degree in Der(L,W) can be reduced to be
a derivation vanishing on the top. For Der(W) = Der(W,W), using a known result
which tells us that any homogeneous derivation of nonnegative Z-degree of a centerless
Z-graded Lie algebra may be reduced to be vanishing on the given torus contained in the
component of degree zero (see [15, Proposition 8.4, p. 193]), we can obtain the desired
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result by a brief argument (see Section 3.2). But the same work on the derivation
space Der(S,W) is more difficult, since we cannot apply the known result mentioned
above in this case. This observation leads to the study on the exterior algebra Λ(n)
and the canonical torus of S (see Corollary 2.1.5), where Λ(n) is viewed as a module of
the canonical torus of S in the obvious way. Then it is proved that any homogeneous
derivation of nonnegative Z-degree in Der(S,W) can be reduced to be vanishing on the
canonical torus of S. As a result, we can show that the homogeneous derivations of
nonnegative Z-degree in Der(L,W) are all inner. By giving the generator set of L, we
can compute the homogeneous derivations of negative Z-degree. Finally, the derivation
algebras and the outer derivation algebras of W and S are determined completely; in
particular, we give the dimension formulae of the derivation algebras of W and S.
The original motivation for this paper comes from the encouragement of the anony-
mous referee for the paper [8]. Our work is motivated by the results and methods on
Lie algebras and Lie superalgebras [2, 15, 17, 23] and based on certain results in [15,
23] on modular Lie algebras and Lie superalgebras of Cartan type. Certain results of
this paper are closely parallel to those obtained by Celousov [2]. In particular, we use
many ideas from [2, 15] and benefit much from reading [13, 18]. For more information
on derivations of modular Lie superalgebras of cartan type, the reader is referred to [8,
10–11, 17, 23].
The paper is organized as follows. In Section 1, we review the necessary notions
concerning Lie algebras and Lie superalgebras and the notions of modular Lie superal-
gebras W and S of Cartan type. In Section 2, we study certain subalgebras of the even
partsW and S and give the generator sets ofW and S.We establish also some technical
lemmas concerning the canonical tori of W and S, which will be used throughout this
paper. In Section 3, we first study the derivations vanishing on the top W−1 ⊕ W0.
Then we characterize the homogeneous derivations of nonnegative Z-degree and neg-
ative Z-degree, respectively. As a result, the derivation algebra of W is determined.
In Section 4, the derivation space Der(S,W) and the derivation algebra Der(S) are
determined. In Section 5, by using the results obtained in Sections 3 and 4, the outer
derivation algebras of W and S are described explicitly and the dimension formulae of
derivation algebras are given.
1. Preliminary
1.1. Basic notion
Let F be an arbitrary field in this subsection and Z2 = {0, 1} be the field of two
elements. In this paper, all vector spaces, linear mappings, tensor products are over
the underlying base field F.
Recall that a vector superspace is a Z2-graded vector space V = V0 ⊕ V1. We denote
by p(a) = θ the parity of a homogeneous element a ∈ Vθ, θ ∈ Z2. A subspace U of a
vector superspace V is by definition Z2-graded; that is, U = U ∩ V0 ⊕ U ∩ V1.
We assume throughout that if p(x) occurs in an expression, then x is assumed to be
Z2-homogeneous.
A superalgebra is a vector superspaceA = A0⊕A1 endowed with an algebra structure
such that AθAµ ⊂ Aθ+µ for all θ, µ ∈ Z2.
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A Lie superalgebra is a superalgebra satisfying the super-anticommutativity and
super-Jacobi identity (see [4 , 14]). Let g = g0 ⊕ g1 be a Lie superalgebra. Then
the even part g0 is a Lie algebra. Note that in the case charF = 2, a Lie superalgebra
is a Z2-graded Lie algebra. Thus one usually adopts the convention that charF = p > 2
in the modular case.
Let V = V0 ⊕ V1 be a vector superspace. The algebra EndF(V ) consisting of the
F-linear mappings of V into itself becomes an associative superalgebra if one defines
EndF(V )θ := {A ∈ EndF(V ) | A(Vµ) ⊂ Vθ+µ, µ ∈ Z2}
for θ ∈ Z2. On the vector superspace EndF(V ) = EndF(V )0 ⊕ EndF(V )1 we define a
new multiplication [ , ] by
[A,B] = AB − (−1)p(A)p(B)BA for A,B ∈ EndF(V ).
This algebra endowed with the new multiplication will be denoted by pl(V ) = pl0(V )⊕
pl1(V ); it is a Lie superalgebra and is said to be the general linear Lie superalgebra.
Suppose that A = A0 ⊕A1 is superalgebra. Let
Derθ(A) := {D ∈ plθ(A) | D(xy) = D(x)y + (−1)
θp(x)xD(y) for x, y ∈ A}
for all θ ∈ Z2. Define
Der(A) := Der0(A)⊕Der1(A),
then it is easy to see that Der(A) is a subalgebra of pl(A), which is called the su-
perderivation algebra of A. If θ = 0 (resp. θ = 1), the elements in Derθ(A) are called
even superderivations (resp. odd superderivation) of A and the elements in Der(A) are
called superderivations of A. For more details on superderivations for Lie superalgebra,
the reader is referred to [14].
Let g be a Lie algebra and V an g-module. A linear mapping D : g → V is called
a derivation of g to V if D(xy) = x · D(y) − y · D(x) for all x, y ∈ g. A derivation
D : g→ V is called inner if there is v ∈ V such that D(x) = x ·v for all x ∈ g. Following
[15, p. 13], denote by Der(g, V ) the space of derivations of g to V. Then Der(g, V ) is an
g-submodule of HomF(g, V ). Assume in addition that g and V are finite-dimensional
and that g = ⊕r∈Zgr is Z-graded and V = ⊕r∈ZVr is a Z-graded g-module. Then
Der(g, V ) = ⊕r∈ZDerr(g, V ) is Z-graded g-module by setting
Derr(g, V ) := {D ∈ Der(g, V ) | D(gi) ⊂ Vr+i for all i ∈ Z}.
In the case of V = g, the derivation algebra Der(g) coincides with Der(g, g) and
Der(g) = ⊕r∈ZDerr(g) is a Z-graded Lie algebra.
For a Lie superalgebra g = g0 ⊕ g1, the restriction of an even superderivation D ∈
Der0(g) to g0 is a derivation of the Lie algebra g0. For convenience, we shall write still
Der0(g) for the set {D|g0 | D ∈ Der0(g)}. By using this notation, it is easy to see that
Der0(g) ⊂ Der(g0) is a subalgebra Der(g0). As mentioned in the introduction, as one of
the main results, we shall prove in this paper that the converse inclusion is also valid
for g = W,S, the generalized Witt superalgebra and the special superalgebra of Cartan
type over a field of finite characteristic (for a definition, see Section 2.2).
If g = ⊕−r≤i≤sgi is a Z-graded Lie algebra, then ⊕−r≤i≤0gi is called the top of g
(with respect to the gradation).
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1.2. Modular Lie superalgebras W and S
In this subsection we review the notions of modular Lie superalgebras W and S of
Cartan type and their gradation structures.
In the following sections, F denotes a field of characteristic p > 3. In addition to the
standard notation Z, we write N for the set of positive integers, and N0 for the set of
nonnegative integers. Henceforth, we will let m,n denote fixed integers in N \ {1, 2}
without notice. For α = (α1, . . . , αm) ∈ N
m
0 , we put |α| =
∑m
i=1 αi. Let A(m) denote the
divided power algebra over F with an F-basis {x(α) | α ∈ Nm0 }. For εi = (δi1, . . . , δim),
we abbreviate x(εi) to xi, i = 1, . . . ,m. Let Λ(n) be the exterior superalgebra over F in
n variables xm+1, . . . , xm+n. Denote the tensor product by A(m,n) = A(m) ⊗F Λ(n).
Obviously, A(m,n) is an associative superalgebra with a Z2-gradation induced by the
trivial Z2-gradation of A(m) and the natural Z2-gradation of Λ(n). Moreover, A(m,n)
is super-commutative.
For g ∈ A(m), f ∈ Λ(n), we write gf for g ⊗ f. The following formulas hold in
A(m,n) :
x(α)x(β) =
(
α+ β
α
)
x(α+β) for α, β ∈ Nm0 ;
xkxl = −xlxk for k, l = m+ 1, . . . ,m+ n;
x(α)xk = xkx
(α) for α ∈ Nm0 , k = m+ 1, . . . ,m+ n,
where
(
α+β
α
)
:=
∏m
i=1
(
αi+βi
αi
)
.
Put Y0 := {1, 2, . . . ,m}, Y1 := {m+ 1, . . . ,m+ n} and Y := Y0∪Y1. For convenience,
we adopt the notation r′ := r +m for r = 1, . . . , n. Thus, Y1 := {1
′, 2′, . . . , n′} . Set
Bk := {〈i1, i2, . . . , ik〉|m+ 1 ≤ i1 < i2 < · · · < ik ≤ m+ n}
and B := B(n) =
n⋃
k=0
Bk, where B0 := ∅. For u = 〈i1, i2, . . . , ik〉 ∈ Bk, set |u| := k, |∅| :=
0, x∅ := 1, and xu := xi1xi2 . . . xik ; we use also u to stand for the set {i1, i2, . . . , ik}.
Clearly,
{
x(α)xu | α ∈ Nm0 , u ∈ B
}
constitutes an F-basis of A (m,n) .
Let D1,D2, . . . ,Dm+n be the linear transformations of A (m,n) such that
Dr(x
(α)xu) =
{
x(α−εr)xu, r ∈ Y0
x(α) · ∂xu/∂xr, r ∈ Y1.
Then D1,D2, . . . ,Dm+n are superderivations of the superalgebra A (m,n) . Let
W (m,n) =
{∑
r∈Y
frDr | fr ∈ A (m,n) , r ∈ Y
}
.
Then W (m,n) is a Lie superalgebra, which is contained in Der(A (m,n)).
Obviously, p(Di) = τ(i), where
τ (i) :=
{
0, i ∈ Y0
1, i ∈ Y1.
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One may verify that
[fD, gE] = fD(g)E − (−1)p(fD)p(gE)gE(f)D + (−1)p(D)p(g)fg[D,E] (1.2.1)
for f, g ∈ A(m,n), D,E ∈ Der A(m,n). In particular, the following formula holds in
W (m,n) :
[fDr, gDs] = fDr (g)Ds − (−1)
p(fDr)p(gDs) gDs (f)Dr
for f, g ∈ A (m,n) , r, s ∈ Y.
Let
t := (t1, t2, . . . , tm) ∈ N
m, pi := (pi1, pi2, . . . , pim)
where pii := p
ti − 1, i ∈ Y0. Let A := A (m; t) = {α ∈ N
m
0 | αi ≤ pii, i = 1, 2, . . . ,m} .
Then
A (m,n; t) := spanF
{
x(α)xu | α ∈ A, u ∈ B
}
is a finite-dimensional subalgebra of A (m,n) with a natural Z-gradation A (m,n; t) =⊕ξ
r=0A(m,n; t)r by putting
A(m,n; t)r := spanF{x
(α)xu | |α|+ |u| = r}, ξ := |pi|+ n.
Set
W (m,n; t) :=
{∑
r∈Y
frDr | fr ∈ A (m,n; t) , r ∈ Y
}
.
Then W (m,n; t) is a subalgebra of W (m,n) . In particular, it is a finite-dimensional
simple Lie superalgebra (see [19]). Obviously, W (m,n; t) is a free A (m,n; t)-module
with A (m,n; t)-basis {Dr | r ∈ Y }. We note that W (m,n; t) possesses a standard
F-basis {x(α)xuDr | α ∈ A, u ∈ B, r ∈ Y }.
Let r, s ∈ Y and Drs : A(m,n; t)→W (m,n; t) be the linear mapping such that
Drs(f) = (−1)
τ(r)τ(s)Dr(f)Ds − (−1)
(τ(r)+τ(s))p(f)Ds(f)Dr for f ∈ A(m,n; t).
Then the following equation holds:
[Dk,Drs(f)] = (−1)
τ(k)τ(r)Drs(Dk(f)) for k, r, s ∈ Y ; f ∈ A(m,n; t). (1.2.2)
Put
S(m,n; t) := spanF{Drs(f) | r, s ∈ Y ; f ∈ A(m,n; t)}.
Then S(m,n; t) is a finite-dimensional simple Lie superalgebra (see [19]).
Let div :W (m,n; t)→ A(m,n; t) be the divergence such that
div
(∑
r∈Y
frDr
)
=
∑
r∈Y
(−1)τ(r)p(fr)Dr(fr).
Direct computation shows that div is superderivation of W (m,n; t) to A(m,n; t) (see
[5] or [19]); that is,
div[D,E] = Ddiv(E)− (−1)p(D)p(E)Ediv(D) for all D,E ∈W (m,n; t).
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Following [19], put
S(m,n; t) := {D ∈W (m,n; t) | div(D) = 0}.
Then S(m,n; t) is a subalgebra ofW (m,n; t) and S(m,n; t) is a subalgebra of S(m,n; t).
In the following sections, W (m,n; t), S(m,n; t), S(m,n; t), and A(m,n; t) will be
denoted by W,S, S, and A, respectively. In addition, the the even parts of W, S, and S
will be denoted by W, S, and S, respectively; that is, W :=W0, S := S0, and S := S0.
We note also that for the sake simplicity, as mentioned above we assume through-
out that charF > 3 and that the parameters m,n > 2 although sometimes a weaker
hypothesis is sufficient.
2. Subalgebras and generator sets of W and S
In this section, we present certain results on some subalgebras of W and then give the
generator sets of W and S. These results will be frequently used in the sequel.
2.1. Subalgebras
In this subsection, we deal with certain subalgebras ofW, which are important for future
studies in this paper. In particular, we will study the property of the canonical torus
subalgebras of W and give a reduction proposition (Proposition 2.1.6) for derivations
of L to W, where L is a Z-graded subalgebra of W satisfying L−1 =W−1.
Let
G := spanF{x
uDr | r ∈ Y, u ∈ B,p(x
uDr) = 0}.
Then G = CW(W−1), the centralizer of W−1 in W. Therefore, G is a Z- graded subal-
gebra of W. Put Gi := G ∩Wi and
E(G) := ⊕r∈ZG2r, O(G) := ⊕r∈ZG2r+1.
Since [O(G), O(G)] = 0, O(G) is an ideal of G. It is easily seen that
G/O(G) ≃ E(G) ≃W (n)0,
where W (n) is the simple Lie superalgebra of Cartan type (see [4, p. 57]) and W (n)0
is the even part of W (n).
Let g = ⊕sq=−rgq be a Z-graded Lie algebra. Recall that g is called transitive (with
respect to the Z-gradation) provided that {x ∈ gq | [x, g−1] = 0} = 0 for all q ∈ N0. We
say that g is admissibly graded if Cg(g−1) = g−r.
By the remarks above, W is neither transitive nor admissibly graded. In particular,
W is not a simple Lie algebra. Noticing that S−1 =W−1 and S ∩ G0 6= 0, we have the
same conclusion for S.
We shall use frequently the following simple fact. The proof is straightforward and
therefore is omitted.
Lemma 2.1.1. Let L be a Z-graded subalgebra of W such that L−1 = W−1. Suppose
that φ ∈ Der(L,W) and φ(L−1) = 0. If E is an element of L such that [E,W−1] ⊂
ker(φ), then φ(E) ∈ G. ⊓⊔
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Put Γr := xrDr for r ∈ Y and Γ =
∑
r∈Y Γr. Then Γ is called the degree derivation
of A(m,n; t). Correspondingly, adΓ is called the degree derivation of W. Put Γ′ :=∑
k∈Y1
Γk and Γ
′′ :=
∑
i∈Y0
Γi.
In this paper we adopt the following notation. Let P denote a proposition. Put
δP := 1 if P is true and δP := 0, otherwise. We need the following computational
lemma.
Lemma 2.1.2. Let i ∈ Y0, k ∈ Y1. α ∈ A and u ∈ B. Then the following statements
hold.
(i) Γi(x
(α)xu) = αix
(α)xu.
(ii) Γk(x
(α)xu) = δk∈ux
(α)xu; in particular, Γ2k = Γk.
(iii) For f ∈ Ar, r ∈ N0, Γ(f) = rf.
(iv) Let r ∈ Z and D ∈ Wr. Then [Γ,D] = rD.
(v) Γpi = Γi.
(vi) Let D ∈ Gr. If r is even, then [Γ
′,D] = rD; if r is odd, then [Γ′,D] = (r+1)D.
(vii) Every standard basis element of W is an eigenvector of adΓr for all r ∈ Y.
(viii) [Γ′′, x(α)xuDi] = (|α| − 1)x(α)xuDi for all α ∈ A,u ∈ B and i ∈ Y0. ⊓⊔
Let (g, [p]) be a restricted Lie algebra. Following [16, p. 119] and [15, p. 79], define
x ∈ g to be p-semisimple if x ∈
∑
r∈N Fx
[p]r . If x[p] = x (and hence is p-semisimple) we
say that x is toral. An abelian restricted subalgebra T of g is called a torus if every
element in T is p-semisimple.
If g is a (not necessarily restricted) Lie algebra with trivial center, then g may be
identified with a subalgebra of the restricted Lie algebra Der(g). Following [1, p.97], we
say that a subalgebra T is a torus of g if T is a torus of Der(g).
Let us considerW and S. Note thatW and S are all centerless. Put T :=
∑
r∈Y F·Γr
and TS := S ∩ T . Then by Lemma 2.1.2, T and TS are tori of W and S, which are
called canonical tori.
The following lemma will be heavily used in this paper. It is essentially a general-
ization of [15, Proposition 8.2, p. 192].
Lemma 2.1.3. Let V be a vector space over F and v1, v2, . . . , vk ∈ V. Suppose that
Ai ∈ EndFV is generalized invertible; that is, there is Bi ∈ EndFV such that
AiBiAi = Ai, 1 ≤ i ≤ k. (2.1.1)
If the following conditions are satisfied, then there exists v ∈ V such that Ai(v) = vi
for 1 ≤ i ≤ k.
(i) A1, A2, . . . , Ak commute mutually;
(ii) Ai(vj) = Aj(vi), 1 ≤ i, j ≤ k;
(iii)
AiBi(vi) = vi, 1 ≤ i ≤ k, (2.1.2)
AiBj = BjAi whenever i 6= j. (2.1.3)
Proof. We use induction on k. When k = 1, putting v := B1(v1), one obtains from
(2.1.2) that A1(v) = A1B1(v1) = v1.
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Let k ≥ 2 and assume that the conclusion holds for k − 1. Then there exists w ∈ V
such that Ai(w) = vi, i = 1, . . . , k − 1. Set v := w + Bk(vk − Ak(w)). Then, for
i = 1, . . . , k − 1, we obtain from (2.1.3), (i) and (ii) that
Ai(v) = Ai(w) +AiBk(vk −Ak(w))
= vi +BkAi(vk −Ak(w))
= vi +Bk(Ai(vk)−AkAi(w))
= vi +Bk(Ak(vi)−Ak(vi))
= vi.
Moreover, by (2.1.1) and (2.1.2) we have
Ak(v) = Ak
(
w +Bk
(
vk −Ak(w)
))
= Ak(w) +AkBk
(
vk −Ak(w)
)
= Ak(w) +AkBk(vk)−AkBkAk(w)
= Ak(w) + vk −Ak(w)
= vk.
The proof is complete. ⊓⊔
Using Lemma 2.1.3, we give a result analogous to [15, Proposition 8.2, p.192], which
will be used to prove the main result in this subsection (Proposition 2.1.6).
Corollary 2.1.4. Let r ≤ m be an integer and f1, . . . , fr ∈ A. Suppose that
(a) Di(fj) = Dj(fi), 1 ≤ i, j ≤ r;
(b) Dp
ti−1
i (fi) = 0, 1 ≤ i ≤ r.
Then there is f ∈ A such that Di(f) = fi for 1 ≤ i ≤ r.
Proof. Define Bi : A→ A to be a linear transformation such that
Bi(x
(α)xu) = x(α+εi)xu for i ∈ Y0
where x(α+εi) := 0 for α+ εi 6∈ A(m; t). We check the conditions of Lemma 2.1.3. Ev-
idently, D1, . . . ,Dr satisfy the condition (i). (b) shows that B1, . . . , Br satisfy (2.1.1)
and that (iii) holds. By (a), f1, . . . , fr satisfy the condition (ii) in Lemma 2.1.3. The
proof is complete. ⊓⊔
Obviously, Λ(n) is an invariant subspace of A under Γk for all k ∈ Y1. Then Γk ∈
EndF(Λ(n)). The following corollary will be used in Section 4 to consider how a deriva-
tion φ of S to W is determined by the action of φ on S0 (see Lemma 4.2.4).
Corollary 2.1.5. Let r ≤ m be a positive integer and f1, . . . , fr ∈ Λ(n). Suppose that
Γqi = xqiDqi , qi ∈ Y1, 1 ≤ i ≤ r, satisfy the following conditions:
(a) Γqi(fj) = Γqj(fi), 1 ≤ i ≤ r;
(b) Γqi(fi) = fi, 1 ≤ i ≤ r.
Then there exists f ∈ Λ(n) such that Γqi(f) = fi for i = 1, 2, . . . , r.
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Proof. Set Bi = idΛ(n). We check the conditions of Lemma 2.1.3. Since Γ
2
qi
= Γqi by
Lemma 2.1.2(ii), (2.1.1) holds. The remaining conditions may be easily checked. ⊓⊔
Let V = ⊕r∈ZVr be a Z-graded vector space. For a Z-homogeneous element v ∈ V ,
we denote by zd(v) the Z-degree of v.
For the sake of convenience, in the sequel we usually write i, j for the elements
in Y0, and write k, l for the elements in Y1. View W as an L-module by the adjoint
representation. Recall the definition of a derivation of a Lie algebra to its module
(see Section 1.1). Let L be a Z-subalgebra of W satisfying L−1 = W−1. Just as [15,
Proposition 8.3, p. 193], the following proposition reduces derivations of Der(L,W) to
the derivations vanishing on L−1.
Proposition 2.1.6. Let L be a Z-subalgebra of W such that L−1 = W−1. If φ ∈
Dert(L,W) where t := zd(φ) ≥ 0, then there exists E ∈ Wt such that(
φ− adE
)
(L−1) = 0.
Proof. Suppose that φ(Di) =
∑
r∈Y friDr for i ∈ Y0, where fri ∈ A. Applying φ to the
identity [Di,Dj ] = 0 for i, j ∈ Y0, we have [φ
(
Di
)
,Dj ] + [Di, φ(Dj)] = 0. Then[∑
r∈Y
friDr,Dj
]
+
[
Di,
∑
r∈Y
frjDr
]
= 0.
Consequently, ∑
r∈Y
Di(frj)Dr −
∑
r∈Y
Dj(fri)Dr = 0.
Since {Dr | r ∈ Y } is a free basis of A-module W, we have
Di(frj) = Dj(fri) for all i, j ∈ Y0, r ∈ Y.
This implies that for fixed r ∈ Y, {fr1, . . . , frm} satisfies the condition (a) in Corollary
2.1.4 (see also [15, Proposition 8.2, p. 192]). On the other hand, since
(
adDi
)pii+1 =
0 for i ∈ Y0, it follows from [15, Lemma 8.1, p. 191] that
(
adDi
)pii(φ(Di)) = 0.
Consequently, Dpiii (fri) = 0 for r ∈ Y and i ∈ Y0; that is, {fr1, . . . , frm} fulfills the
condition (b) in Corollary 2.1.4. Therefore, there is gr ∈ A such that
Di(gr) = fri for all i ∈ Y0.
Let E′′ = −
∑
r∈Y grDr. Then for i ∈ Y0, we have
[E′′,Di] =
∑
r∈Y
Di(gr)Dr =
∑
r∈Y
friDr = φ(Di). (2.1.4)
Note that zd(φ) = t. (2.1.4) shows that
[E′′t ,Di] = φ(Di) for i ∈ Y0. (2.1.5)
Let E′ = E′′t . Then (2.1.5) implies that (φ− adE
′)
∣∣
L−1
= 0. Let E = E′
0
(the even part
of E′). Then E ∈ Wt and (φ− adE)
∣∣
L−1
= 0. ⊓⊔
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Remark 2.1.7. Since L−1 is an abelian Lie algebra, one may consider the deriva-
tion space Der(L−1,W). Then, under the conditions of Proposition 2.1.6, φ|L−1 ∈
Der(L−1,W) is inner.
Remark 2.1.8. In Proposition 2.1.6 the element E does not necessarily lie in NorW(L).
In addition, in contrast to the cases of Cartan type Lie algebras and Lie superalgebras
(see [15, Proposition 8.3, p. 193] and [23, Lemma 5]), we cannot prove directly that
φ = (adE)
∣∣
L
, since L is not necessarily admissibly graded, as noted at the beginning
of this subsection.
2.2. Generator sets
As is well known, the generators play an important role in the study on derivations of
an F-algebra. More precisely, a derivation is completely determined by its action on the
generator set. When we consider the derivation algebra of a given algebra, it is natural
to hope finding a ‘good’ generator set, which is convenient for computing derivations.
In this subsection, we study mainly the generator sets of W and S for the purpose
mentioned above. We know thatW (m,n; t) is a free Z-graded module of the associative
super-commutative algebra A(m,n; t) with basis {Dr | r ∈ Y } consisting of special
derivations of W (m,n; t). The ‘coefficients’ in A(m,n; t) are tensor products of divided
power series and exterior products. Thus it is desirable to find a generator set which
consists of certain elements of low Z-degree and certain elements of high Z-degree but
of simple form, such as the elements in Lie algebras W (m; t) or S(m; t) of Cartan type.
The results obtained in this subsection will be used frequently in the sequel.
Recall that W = W (m,n; t) and W denotes the even part of W. Recall also our
notations that t := (t1, . . . , tm) ∈ N and pii := p
ti − 1 for i ∈ Y0. Put
M := {x(qεi)Dj | 0 ≤ q ≤ pii, i, j ∈ Y0},
N := {xixkDl | i ∈ Y0, k, l ∈ Y1},
P := {xkxlDi | i ∈ Y0, k, l ∈ Y1}.
For u, v ∈ B with u ∩ v = ∅, define u+ v to be w ∈ B such that and w = u ∪ v. If in
addition max u < min v, then denote u+˙v = w.
Proposition 2.2.1. W is generated by M∪N ∪ P.
Proof. Denote by X the subalgebra of W generated by M ∪ N ∪ P. We make the
following preparatory remarks.
(i) Assert that
x(α)Di ∈ X for all α ∈ A and all i ∈ Y0. (2.2.1)
In fact, it can be easily proved by induction on r that for i ∈ Y0,
x(pi1ε1+···+pirεr)Di ∈ X for all r ≤ m.
Therefore, x(pi)Di ∈ X . The assertion follows, since Dj ∈ X for all j ∈ Y0.
(ii) Assert that
xuDi ∈ X for u ∈ B, |u| even; i ∈ Y0. (2.2.2)
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We are going to prove the assertion by induction on |u|. For |u| = 2, it is clear that
xuDi ∈ P ⊆ X . Assume that |u| > 2. Then write u = v+˙w, where v,w ∈ B such that
|w| = 2, |v| = |u| − 2.
Note that xwDi ∈ P ⊂ X and x
vDi ∈ X by the inductive hypothesis. We have
xuDi = [x
vDi, [x
wDi, x
(2εi)Di]] ∈ X ,
as asserted.
(iii) Assert that
xuDk ∈ X for u ∈ B, |u| odd; k ∈ Y1. (2.2.3)
We may suppose that |u| ≥ 3.Write u = v+w such that k 6∈ v and |v| = |u|−1, |w| = 1.
From (2.2.2), we have xvD1 ∈ X . Noticing that x1x
wDk ∈ N , we obtain that
xuDk = λ[x
vD1, x1x
wDk] ∈ X where λ = 1 or − 1.
Now we are ready to show that X =W. First claim that
x(α)xuDi ∈ X for u ∈ B, |u| even; i ∈ Y0. (2.2.4)
Without loss of generality, one may assume that |u| ≥ 2. Take k ∈ u. Using (2.2.2) we
have xuDi ∈ X . Since x
(α)xkDk = [x
(α)D1, x1xkDk] ∈ X , we have
x(α)xuDi = [x
(α)xkDk, x
uDi] ∈ X ,
as desired.
It remains to prove that
x(α)xuDk ∈ X for u ∈ B, |u| odd; k ∈ Y1. (2.2.5)
If |u| = 1, then x1x
uDk ∈ N ⊆ X . It follows from (2.2.1) that x
(α)xuDk = [x
(α)D1, x1x
uDk] ∈
X . Assume that |u| ≥ 3. Choose r ∈ u\k. Since x(α)xrDr = [x
(α)D1, x1xrDr] ∈ X , it
follows from (2.2.3) that
x(α)xuDk = [x
(α)xrDr, x
uDk] ∈ X .
By (2.2.4) and (2.2.5), we have X =W, completing the proof. ⊓⊔
We note that in the three sets above only M contains elements of Z-degree higher
than 1. Clearly, M is contained in W (m; t), the generalized Witt algebra (see [18]).
As we shall see in the following sections, this allows us to compute efficiently.
Recall the torus TS of S (see Section 2.1). Clearly,
{xrDr − xsDs | τ(r) = τ(s); r, s ∈ Y } ∪ {xrDr + xsDs | τ(r) 6= τ(s); r, s ∈ Y }
is an F-basis of TS consisting of toral elements.
We first give the following simple fact:
Lemma 2.2.2. S0 is spanned by TS ∪ {xrDs | τ(r) = τ(s), r 6= s; r, s ∈ Y }.
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Proof. It is straightforward. ⊓⊔
Put
Q := {Dij(x
(rεj)) | i, j ∈ Y0, r ∈ N0};
R := {Dil(x
(2εi)xk) | i ∈ Y0, k, l ∈ Y1} ∪ {Dij(xix
v) | i, j ∈ Y0, v ∈ B2}.
We now consider the generator set of S.
Proposition 2.2.3. S is generated by Q∪R ∪ S0.
Proof. Let X be the subalgebra generated by Q∪R ∪ S0. We proceed in several steps
to show that S = X .
(i) Let i, j ∈ Y0 with i 6= j, and let k, l ∈ Y1. Then
Djl(x
(2εi)xk) = [Dij(x
(3εi)),Dil(xixk)] + 3δklDij(x
(3εi)) ∈ X (2.2.6)
and
Dil(x
(εi+εj)xk) = [Dil(x
(2εi)xk),Dij(x
(2εj))] ∈ X . (2.2.7)
In addition, for any r ∈ Y0 \ {i, j}, we have Drj(x
(εi+2εj)) = [Drj(x
(3εj)),Dji(x
(2εi))] ∈
X . Therefore,
Drl(x
(εi+εj)xk) = [Dir(x
(2εi)),Djl(x
(2εj)xk)]− δklDrj(x
(εi+2εj)) ∈ X . (2.2.8)
Combining (2.2.6)–(2.2.8) and the assumption that Dil(x
(2εi)xk) ∈ R for all i ∈ Y0 and
k, l ∈ Y1, we obtain that
Drl(x
(εi+εj)xk) ∈ X for all r, i, j ∈ Y0 and all k, l ∈ Y1. (2.2.9)
(ii) Let k, l ∈ Y1 with k 6= l. For all r ∈ Y1 and all i ∈ Y0, it follows that
Dkr(xixkxl) = [Dik(x
(2εi)xk),Dir(xixl)]−Dir(x
(2εi)xl) + 2δrlDik(x
(2εi)xk) ∈ X .
(2.2.10)
(iii) Let u ∈ B3. Write u = v∔w with |v| = 2, |w| = 1. Given i ∈ Y0 and k ∈ Y1, take
j ∈ Y0 \ i and l ∈ v \ k, Remember the assumption Dij(xjx
v) ∈ R. We have
Dik(x
u) = −[Dij(xjx
v),Dkl(x
wxl)] ∈ X . (2.2.11)
Combining (2.2.9)–(2.2.11) and the assumption that Dij(xix
v) ∈ R for all i, j ∈ Y0
and v ∈ B2, we obtain that
S1 ⊂ X . (2.2.12)
(iv) Assert that Dij(x
(α)) ∈ X for all i, j ∈ Y0 and α ∈ A. For the purpose, we first
show that D12(x
(pi1ε1+pi2ε2)) ∈ X . It is easy to verify the following equations:
D12(x
(2ε1+ε2)) = [D12(x
(3ε1)),D12(x
(2ε2))] ∈ X ,
D12(x1x
(pi2ε2)) = [D12(x
(pi2ε2)),D12(x
(2ε1+ε2))] ∈ X ,
D12(x
(pi1ε1+(pi2−1)ε2)) = [D12(x1x
(pi2ε2)),D12(x
(pi1ε1))] ∈ X ,
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and for k ∈ Y1,
D2k(x
(pi1ε1+(pi2−1)ε2)xk) = −[D12(x
(pi1ε1+(pi2−1)ε2)),D1k(x
(2ε1)xk)] ∈ X ,
D2k(x
((pi1−1)ε1+(pi2−1)ε2)xk) = [D1,D2k(x
(pi1ε1+(pi2−1)ε2)xk)] ∈ X ,
D2k(x
((pi1−1)ε1+pi2ε2)xk) = −
1
2
[D2k(x
((pi1−1)ε1+(pi2−1)ε2)xk),D2k(x
(2ε2)xk)] ∈ X .
Similarly, we also have D1k(x
(pi1ε1+(pi2−1)ε2)xk) ∈ X . Therefore,
D12(x
(pi1ε1+pi2ε2)) = [D1k(x
(2ε1)xk),D12(x
((pi1−1)ε1+pi2ε2))]
+D1k(x
(pi1ε1+(pi2−1)ε2)xk)− 2D2k(x
((pi1−1)ε1+pi2ε2)xk) ∈ X .
Now, proceeding by induction on q one may easily prove that
Dq,q+1(x
(pi1ε1+···+piq+1εq+1)) ∈ X
(cf. [23, Theorem 1]). As a result, Dm−1,m(x
(pi)) ∈ X . It follows that Dij(x
(pi)) ∈ X for
all i, j ∈ Y0. Hence the assertion holds.
(v) Suppose that |u| is odd. We propose to prove that
Dik(x
u) ∈ X for all i ∈ Y0, k ∈ Y1. (2.2.13)
For |u| = 3, from (2.2.12) it is easily seen that (2.2.13) holds. Use induction on |u| ≥ 3
to prove (2.2.13). Assume that |u| ≥ 5 and write u = v ∔ w where |v| = |u| − 2 and
|w| = 2. Let l = min v. By inductive hypothesis, Dli(x
v) ∈ X for all i ∈ Y0. Then for
i ∈ Y0 and k ∈ Y1,
Dik(x
u) = [Dli(x
v),Dik(xixlx
w)] = [Dli(x
v), [Dli(xlx
w),Dik(x
(2εi)xl)]] ∈ X .
This proves (2.2.13).
(vi) Suppose that |u| is even. Assert that
Dkl(x
u) ∈ X for all k, l ∈ Y1. (2.2.14)
We first note that if v ∈ B and |v| is odd, then
Dik(xix
v) ∈ X for all i ∈ Y0, k ∈ Y1. (2.2.15)
In fact, this follows from (2.2.13) and the following equation
Dik(xix
v) = [Dqi(x
v),Dik(x
(2εi)xq)] ∈ X
where q = min v.
One may write u = v ∔ w where |v| = |u| − 1, |w| = 1. Using (2.2.15) we know that
for k, l ∈ Y1,
Dkl(x
u) = [D1k(x1x
v),D1l(x1x
w)]−D1l(x1Dk(x
v)xw) +Dk1(x1x
vDl(x
w)) ∈ X .
Then (2.2.14) follows.
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(vii) Let us complete the proof of this proposition. For the purpose, first, we show
that if |u| is odd where u ∈ B, then
Dik(x
(pi)xu) ∈ X for all i ∈ Y0, k ∈ Y1. (2.2.16)
For |u| = 1, let j ∈ Y0 \ i. Then
Dik(x
(pi)xu) = [Dij(x
(pi)),Dkj(x
(2εj)xu)] ∈ X .
Suppose that |u| ≥ 3. To prove (2.2.16), we note that
Djk(x
(3εj)xl) = −
1
3
[Djk(x
(2εj)xl),Djl(x
(2εj)xl)] ∈ X for all j ∈ Y0, k, l ∈ Y1 with k 6= l.
(2.2.17)
Given k ∈ Y1, since |u| ≥ 3, one may choose l ∈ u\k.Without loss of generality, assume
that l = minu. Then we obtain from (2.2.13) and (2.2.17) that
Dkj(x
(2εj )xu) = [Dlj(x
u),Djk(x
(3εj)xl)] ∈ X for all j ∈ Y0, k ∈ Y1. (2.2.18)
Take j ∈ Y0 \ i. Then (iv) and (2.2.18) ensure that
Dik(x
(pi)xu) = −[Dij(x
(pi)),Dkj(x
(2εj)xu)] ∈ X ,
proving (2.2.16).
Next, we show that for u ∈ B,
Dij(x
(pi)xu) ∈ X for i, j ∈ Y0, |u| even; (2.2.19)
Dkl(x
(pi)xu) ∈ X for k, l ∈ Y1, |u| even. (2.2.20)
One may write u = v ∔ w where |v| = |u| − 1, |w| = 1. Let l := min v. Using (2.2.16),
we have
Dij(x
(pi)xu) = −[Dil(x
(pi)xv),Dji(xixlx
w)] ∈ X , |u| even;
that is, (2.2.19) holds. Similarly, we have also
Dkl(x
(pi)xu) = −[Dik(x
(pi)xv),Dil(x
(2εi)xw)] ∈ X , |u| even,
proving (2.2.20).
By (2.2.16), (2.2.19) and (2.2.20), it is easily seen that X = S. The proof is complete.
⊓⊔
Remark 2.2.4. In contrast to the case of Lie superalgebra S, the elements in R cannot
be generated by Q and S0 (cf. [23, Theorem 1]). The reason is that there are not odd
elements in S0. On the other hand , in contrast to the caseW, the elements of Z-degree
zero of S0 cannot be generated by Q∪R.
3. Derivations of W
In this section, we shall describe explicitly the derivation algebra of W. To do that, we
proceed in two steps. First, we show in Section 3.1 that every derivation of nonnegative
Z-degree vanishing on the top of W is necessarily inner. Next, we show in Section 3.2
that every derivation of nonnegative Z-degree can be reduced to be vanishing on the top
and therefore, every derivation of nonnegative Z-degree is necessarily inner. Finally,
using the generator set, we compute the derivations of negative Z-degree and then
formulate the derivation algebra Der(W).
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3.1. The top of W
In this subsection, we discuss the influence of the top W−1 ⊕W0 over the derivations
of W. We shall see that the homogeneous derivations of nonnegative Z-degree of W
which vanish on the top W−1 ⊕ W0 turn out to be inner. In other words, if two
homogenous derivations of nonnegative Z-degree of W coincide on the top W−1 ⊕W0
then they are congruent modulo adW. This observation allows us to focus attention to
Der(W−1 ⊕W0,W) in next subsection.
Lemma 3.1.1. Let φ ∈ DertW, t ∈ Z. Suppose that φ(W−1 ⊕ W0) = 0 and t 6≡ 0
(mod p). Then φ = 0.
Proof. Consider the degree derivation Γ :=
∑
i∈Y xiDi. By Lemma 2.1.2(iv), we have
[Γ,D] = rD for all D ∈ Wr, r ∈ Z.
Then noting that Γ ∈ W0. We have
[Γ, φ(D)] = rφ(D). (3.1.1)
Since zd(φ(D)) = r + t, again by Lemma 2.1.2(iv), we have
[Γ, φ(D)] = (r + t)φ(D). (3.1.2)
It follows from (3.1.1) and (3.1.2) that tφ(D) = 0. Since t 6≡ 0 (mod p), we have
φ(D) = 0 for all D ∈ Wr, r ∈ Z. This proves that φ = 0. ⊓⊔
Recall that P = {xkxlDi | i ∈ Y0, k, l ∈ Y1}. We have the following
Lemma 3.1.2. Let φ ∈ Der(W) with zd(φ) = t ≥ 0. Suppose that φ(W−1 ⊕W0) = 0.
Then φ is a scalar transformation of spanFP.
Proof. Since φ(W−1) = φ(W0) = 0, by Lemma 2.1.1 we have
φ(xkxlDi) ∈ Gt+1 for i ∈ Y0, k, l ∈ Y1. (3.1.3)
In view of Lemma 3.1.1, we may assume that t ≡ 0 (mod p). Consider Γ′ =
∑
r∈Y1
xrDr ∈
W0. Clearly, [Γ
′, xkxlDi] = 2xkxlDi. Applying φ to this equation, we obtain that
[Γ′, φ(xkxlDi)] = 2φ(xkxlDi). (3.1.4)
Note that zd(φ(xkxlDi)) = t+ 1. By (3.1.3) and Lemma 2.1.2(vi) we have
[Γ′, φ(xkxlDi)] =
{
(t+ 2)φ(xkxlDi), zd(φ) even;
(t+ 1)φ(xkxlDi), zd(φ) odd.
If zd(φ) is odd, then we obtain from (3.1.4) and the above equation that φ(xkxlDi) = 0,
since t ≡ 0 (mod p). That is, φ(P) = 0. Now consider the case that zd(φ) is even. In
view of (3.1.3), we may assume that
φ(xkxlDi) =
∑
r∈Y0
|u|=t+2
cu,rx
uDr where cu,r ∈ F. (3.1.5)
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Since n > 2, choose s ∈ Y1 \ {k, l}. Then [xkxlDi, xsDs] = 0. Noting that φ(W0) = 0,
we have [φ(xkxlDi), xsDs] = 0. It follows that[ ∑
r∈Y0
|u|=t+2
cu,rx
uDr, xsDs
]
= 0 for all s ∈ Y1 \ {k, l}. (3.1.6)
From (3.1.5) and (3.1.6), we have cu,r = 0 unless u =< k, l > . Therefore we obtain
from (3.1.5) that
φ(xkxlDi) =
∑
r∈Y0
c<k,l>,rxkxlDr. (3.1.7)
If zd(φ) > 0, by (3.1.7) we have φ(xkxlDi) = 0 and therefore φ(P) = 0. Thus, it remains
only to consider the case zd(φ) = 0. Applying φ to the equation that [xkxlDi, xiDi] =
xkxlDi, we obtain from (3.1.7) that
φ(xkxlDi) = c<k,l>,ixkxlDi. (3.1.8)
Let λ := c<k,l>,i. For arbitrary j ∈ Y0, applying φ to the equation that [xkxlDi, xiDj ] =
xkxlDj , we have
φ(xkxlDj) = λ(xkxlDj). (3.1.9)
For arbitrary r ∈ Y1, applying φ to the equation that [xrDk, xkxlDj ] = xrxlDj , we
obtain from (3.1.9) that
φ(xrxlDj) = λxrxlDj . (3.1.10)
(3.1.8)–(3.1.10) show that λ = c<k,l>,i is independent of the choice of k, l, i. Therefore,
φ(xkxlDi) = λxkxlDi for all k, l ∈ Y1, i ∈ Y0.
The proof is complete. ⊓⊔
Recall that N = {xixkDl | i ∈ Y0, k, l ∈ Y1}. We have the following fact.
Lemma 3.1.3. Let φ ∈ Der(W), zd(φ) = t ≥ 0. Suppose that φ(W−1⊕W0) = 0. Then
φ(N ) = 0.
Proof. By Lemma 2.1.1, φ(xixkDl) ∈ Gt+1 for i ∈ Y0, k, l ∈ Y1. In view of Lemma 3.1.1,
it suffices to consider the case that t ≡ 0 (mod p). Recall Γ′ :=
∑
r∈Y1
xrDr. Clearly,
[Γ′, xixkDl] = 0 for i ∈ Y0, k, l ∈ Y1.
Therefore,
[Γ′, φ(xixkDl)] = 0 for all i ∈ Y0, k, l ∈ Y1. (3.1.11)
Since φ(xixkDl) ∈ Gt+1, using Lemma 2.1.2 we obtain that
[Γ′, φ(xixkDl)] =
{
(t+ 2)φ(xixkDl), zd(φ) even;
(t+ 1)φ(xixkDl), zd(φ) odd.
(3.1.12)
Comparing (3.1.11) and (3.1.12) and noticing that t ≡ 0 (mod p), we have
φ(xixkDl) = 0 for all i ∈ Y0, k, l ∈ Y1.
The proof is complete. ⊓⊔
Recall that M = {x(qεi)Dj | i, j ∈ Y0, 0 ≤ q ≤ pii}. We have the following
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Lemma 3.1.4. Let φ ∈ Der(W), zd(φ) = t ≥ 0. Suppose that φ(W−1⊕W0) = 0. Then
φ(M) = 0.
Proof. We proceed by induction on q ≥ 2 to prove that
φ(x(qεi)Dj) = 0 for all i, j ∈ Y0, q ∈ N0.
For q = 2, Lemma 2.1.1 shows that φ(x(2εi)Dj) ∈ Gt+1. Thus we may assume that
φ(x(2εi)Dj) =
∑
r∈Y
cu,rx
uDr where cu,r ∈ F. (3.1.13)
Note that zd(φ(x(2εi)Dj)) ≥ 1. For every pair (u, r), there is k ∈ u \ r. Clearly,
[x(2εi)Dj , xkDk] = 0. Then
[φ(x(2εi)Dj), xkDk] = 0. (3.1.14)
(3.1.13) and (3.1.14) imply that cu,r = 0. Since the pair (u, r) is arbitrary, we have
φ(x(2εi)Dj) = 0.
By the inductive hypothesis and Lemma 2.1.1, it is easily seen that φ(x(qεi)Dj) ∈ G.
Just as in the case q = 2, one may check that φ(x(qεi)Dj) = 0. ⊓⊔
Now we are able to prove the following fact.
Corollary 3.1.5. Let φ ∈ Dert(W), t ≥ 0. Suppose that φ(W−1 ⊕ W0) = 0. Then
φ ∈ adW.
Proof. By Lemma 3.1.2, there is λ ∈ F such that
φ(xkxlDi) = λxkxlDi for all k, l ∈ Y1, i ∈ Y0.
Put ψ := φ− 12λadΓ
′ where Γ′ =
∑
r∈Y1
xrDr. Then ψ(W−1 ⊕W0) = 0 and ψ(P) = 0.
By Lemma 3.1.3 and 3.1.4, we have φ(N ) = φ(M) = 0. By Proposition 2.2.1, we obtain
that ψ = 0; that is, φ = λadΓ′ ∈ adW. ⊓⊔
Remark 3.1.6. In view of Corollary 3.1.5, for determining the homogeneous deriva-
tions of nonnegative Z-degree of W, it suffices to reduce such a derivation to be vanish-
ing on the top. Just as in Proposition 2.1.6 and Corollary 3.1.5, the idea of reduction
will lead us throughout.
3.2. Derivation algebra of W
In this subsection we shall determine the derivation algebra of W, the even part of the
generalized Witt Lie superalgebra W. For the Lie superalgebra W, since the natural Z-
gradation is transitive, by a result analogous to Proposition 2.1.6 (see [23, Lemma 5]),
one may easily prove that the homogeneous superderivations of nonnegative Z-degree
of W are all inner. But, as mentioned above, the Z-gradation of W is not transitive.
Thus we cannot obtain the corresponding conclusion for W by using Proposition 2.1.6
directly. This observation leads us naturally to devote our attention to the grada-
tion component of Z-degree zero. To do that, we shall use a known result (see [15,
Proposition 8.4, p. 193]).
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Let V be a finite-dimensional vector space over F. A linear transformation ϕ : V → V
is called semisimple if the minimum polynomial of ϕ has distinct roots in some base
field extension.
Lemma 3.2.1. ([15, Proposition 8.4, p. 193]) Let g = ⊕si=−rgi be a Z-graded center-
less Lie algebra and T ⊂ g0 a torus of g. If ϕ ∈ Der(g) is homogeneous of Z-degree t,
then there is e ∈ gt such that (ϕ− ade) |T= 0. ⊓⊔
Recall that T := spanF{Γr | r ∈ Y } is the canonical torus of W. Using the lemma
above, we can prove the following
Corollary 3.2.2. Let φ ∈ Dert(W), t ≥ 0. Suppose that φ(W−1) = 0. Then there exists
D ∈ Gt such that (φ− adD) |T= 0.
Proof. By Lemma 2.1.2, all the standard basis elements of W are eigenvectors of adΓr
for each r ∈ Y. Note that every element of T is semisimple. By Lemma 3.2.1, there
exists E ∈ Wt such that(φ − adE) |T = 0. Note that φ(T ) ⊂ Gt. Then
[E,Γr] = φ(Γr) ∈ Gt for all r ∈ Y.
By Lemma 2.1.2(vii), there is D ∈ Gt such that [D,Γr] = [E,Γr] for all r ∈ Y. Hence
(φ− adD) |T= 0. ⊓⊔
Now we can prove that every homogeneous derivation of nonnegative Z-degree of W
is inner. We first prove the following
Proposition 3.2.3. Let t > 0. Then DertW = adWt.
Proof. It suffices to prove that DertW ⊂ adWt. Let φ ∈ DertW, t > 0. By Proposition
2.1.6, we may assume that φ(W−1) = 0. Then Corollary 3.2.2 shows that there isD ∈ Gt
such that ψ(T ) = 0, where ψ := φ− adD.
We treat separately the two cases t ≥ 3 and 0 < t < 3 in order to prove that
ψ(xrDs) = 0 for r, s ∈ Y with τ(r) = τ(s). (3.2.1)
Case (i): t ≥ 3. Pick k ∈ Y1 \ {r, s}. Then [Γk, xrDs] = 0. Consequently,
[Γk, ψ(xrDs)] = 0 for all k ∈ Y1 \ {r, s}. (3.2.2)
Note that ψ(xrDs) ∈ G by Lemma 2.1.1. Therefore, by Lemma 2.1.2(vii), we obtain
from (3.2.2) that zd(ψ(xrDs)) ≤ 2. Since zd(ψ) = t ≥ 3 by our hypothesis, we obtain
that ψ(xrDs) = 0; that is, (3.2.1) holds in this case.
Case(ii): 0 < t < 3. Then t = 1 or t = 2. Consider Γ′ :=
∑
r∈Y1
Γr. Obviously,
[Γ′, xrDs] = 0. Then
[Γ′, ψ(xrDs)] = 0. (3.2.3)
On the other hand, noticing that ψ(xrDs) ∈ G (by Lemma 2.1.1), we obtain by Lemma
2.1.2(vi) that
[Γ′, ψ(xrDs)] = 2ψ(xrDs). (3.2.4)
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Since charF 6= 2, (3.2.3) and (3.2.4) imply that ψ(xrDs) = 0.
So far, we have proved that ψ(W−1 + W0) = 0. Using Corollary 3.1.5, we have
ψ ∈ adWt and therefore, φ ∈ adWt. ⊓⊔
We have also the following
Proposition 3.2.4. Der0W = adW0.
Proof. Let φ ∈ Der0W. In view of Proposition 2.1.6 and Corollary 3.2.2, we may assume
that φ(W−1) = φ(T ) = 0.
Let i, j ∈ Y0 with i 6= j. Noting that φ(xiDj) ∈ G0, we have
φ(xiDj) = φ([xiDi, xiDj]) = [xiDi, φ(xiDj)] = 0. (3.2.5)
We want to prove that
φ(xkDl) = cklxkDl for all k, l ∈ Y1 with k 6= l, (3.2.6)
where ckl ∈ F. Obviously, we may assume for fixed k, l ∈ Y1 with k 6= l that
φ(xkDl) =
∑
r,s∈Y1
crsxrDs where crs ∈ F. (3.2.7)
Then
φ(xkDl) = φ([Γk, xkDl]) = [Γk, φ(xkDl)]. (3.2.8)
By (3.2.7) and (3.2.8), we can easily compute that∑
r,s∈Y1
crsxrDs =
∑
s∈Y1\k
cksxkDs + (ckkxk −
∑
r∈Y1
crkxr)Dk. (3.2.9)
Comparing the coefficients of Dk in (3.2.9), we have∑
r∈Y1
crkxr = ckkxk −
∑
r∈Y1
crkxr = −
∑
r∈Y1\k
crkxr.
Consequently, ckk = 0. Comparing the coefficients of Ds for s ∈ Y1 \ k, one may get
crr = 0 for all r ∈ Y1 \ k. Thus we obtain from (3.2.7) that
φ(xkDl) =
∑
r,s∈Y1,r 6=s
crsxrDs where crs ∈ F. (3.2.10)
For any q ∈ Y1, we have [Γq, xkDl] = (δqk − δql)xkDl. Then
[Γq, φ(xkDl)] = (δqk − δql)φ(xkDl). (3.2.11)
Using (3.2.10) we obtain from (3.2.11) that∑
r,s∈Y1,r 6=s
(δqr − δqs)crsxrDs = (δqk − δql)
∑
r,s∈Y1,r 6=s
crsxrDs.
Derivations for the even parts of modular Lie superalgebras W and S 21
It follows that
(δqr − δqs)crs = (δqk − δql)crs for all q ∈ Y1.
This implies that crs = 0 unless (r, s) = (k, l). Hence (3.2.6) holds. Applying φ to the
following equation
[xrDk, xkDl] = xrDl for r, k, l ∈ Y1, l 6= r,
we obtain that
crk + ckl = crl. (3.2.12)
Similarly, we obtain from the equation [xlDk, xkDl] = xlDl − xkDk that
clk + ckl = 0. (3.2.13)
Clearly, the following system of n − 1 linear equations in n unknowns λ1′ , λ2′ , . . . , λn′
has solutions:
λ1′ − λ2′ = c1′2′
λ1′ − λ3′ = c1′3′
· · · · · · · · · · · ·
λ1′ − λn′ = c1′n′ .
Let (λ1′ , λ2′ , . . . , λn′) be a solution. Then λk−λl = (λk−λ1)+(λ1−λl) = ck1+c1l = ckl.
Set
D :=
∑
r∈Y1
λrΓr, ψ := φ− adD.
Then we have, for all k, l ∈ Y1 with k 6= l,
ψ(xkDl) = φ(xkDl)− [D,xkDl]
= cklxkDl − (λk − λl)xkDl
= 0.
Using (3.2.5) we have also ψ(xiDj) = 0 for i, j ∈ Y0. Therefore, ψ(W0) = 0. Clearly,
ψ(W−1) = 0. Corollary 3.1.5 ensures that ψ ∈ adW and therefore, φ ∈ adW0. ⊓⊔
Summarizing, we have the following
Proposition 3.2.5. The homogeneous derivations of nonnegative Z-degree of W are
all inner.
Proof. This is a direct consequence of Propositions 3.2.3 and 3.2.4. ⊓⊔
In view of Proposition 3.2.5, it remains only to determine the homogeneous deriva-
tions of negative Z-degree of W. Our work is motivated by the corresponding results
and methods in [2, 23] and will depend heavily on the generator set of W (Proposition
2.2.1). We first determine Der−1W. To do that, we need the following lemma, which
asserts that the derivations of Z-degree −1 are completely determined by W0.
Lemma 3.2.6. Suppose that ϕ ∈ Der−1(W) and ϕ(W0) = 0. Then ϕ = 0.
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Proof. First, we prove that ϕ(N ∪ P) = 0. Observe that
[xkxlDi, xiDi] = xkxlDi for all k, l ∈ Y1, i ∈ Y0. (3.2.14)
Note that ϕ(W0) = 0 and ϕ(xkxlDi) ∈ G0. Applying ϕ to (3.2.14), one gets
ϕ(xkxlDi) = [ϕ(xkxlDi), xiDi] = 0.
Similarly, one may check that ϕ(xixkDl) = 0 by applying ϕ to the equation that
[xiDi, xixkDl] = xixkDl. Hence, ϕ(N ) = ϕ(P) = 0.
Next, we prove that ϕ(M) = 0. To do that we assert that
ϕ(x(rεi)Di) = 0 for all r ∈ N, i ∈ Y0. (3.2.15)
For r = 1, it is clear that (3.2.15) holds. For r = 2, noticing that ϕ(x(2εi)Di) ∈ G0 ⊂
E(G), we obtain that
ϕ(x(2εi)Di) = ϕ([xiDi, x
(2εi)Di]) = [xiDi, ϕ(x
(2εi)Di)] = 0.
Now we proceed by induction on r > 2 to prove (3.2.15). By inductive hypothesis,
ϕ(x(rεi)Di) ∈ Gr−2. Thus, we may assume that ϕ(x
(rεi)Di) =
∑
u,q cuqx
uDq where
cuq ∈ F. For any given pair (u, q), find k ∈ u \ q since r > 2. Then we may get cuq = 0
from the equation that [xkDk, ϕ(x
(rεi)Di)] = 0. Thus, (3.2.15) holds. Therefore,
ϕ(x(rεi)Dj) = ϕ([x
(rεi)Di, xiDj ]) = 0 for all j ∈ Y0 \ i.
Hence ϕ(M) = 0. By Proposition 2.2.1, we conclude that ϕ = 0. ⊓⊔
Using Lemma 3.2.6, we can prove the following
Proposition 3.2.7. Der−1(W) = adW−1.
Proof. Let ϕ ∈ Der−1(W). For i ∈ Y0, k, l ∈ Y1, applying ϕ to the equation that
[xiDi, xkDl] = 0, one gets
[ϕ(xiDi), xkDl] + [xiDi, ϕ(xkDl)] = 0.
Note that [ϕ(xiDi), xkDl] = 0, since ϕ(xiDi) ∈ W−1. It follows that
[xiDi, ϕ(xkDl)] = 0 for i ∈ Y0, k, l ∈ Y1.
Since ϕ(xkDl) ∈ W−1, this implies that ϕ(xkDl) = 0 for all k, l ∈ Y1.
Given i ∈ Y0, suppose that ϕ(xiDi) =
∑
r∈Y0
cirDr where cir ∈ F. Applying ϕ to the
equation that [xiDi, xjDj ] = 0 for i, j ∈ Y0 with i 6= j, one may get cij = 0 whenever
j 6= i. Therefore, ϕ(xiDi) = ciiDi. Applying ϕ to the equation that [xiDi, xiDj] = xiDj ,
one gets
ciiDj + [xiDi, ϕ(xiDj)] = ϕ(xiDj).
This implies that ϕ(xiDj) = ciiDj for all j ∈ Y0, since ϕ(xiDj) ∈ W−1. Put ψ :=
ϕ −
∑
r∈Y0
crr(adDr). Then ψ(W0) = 0. By Lemma 3.2.6, we have ψ = 0; that is,
ϕ =
∑
r∈Y0
crr(adDr) ∈ adW−1. ⊓⊔
To determine the derivations of Z-degree less than −1, we first establish a technical
lemma.
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Lemma 3.2.8. Let φ ∈ Der−q(W), q > 1. If φ(x
(qεi)Di) = 0 for all i ∈ Y0, then φ = 0.
Proof. We first show that φ(M) = 0. If t ≤ q, then φ(x(tεi)Di) = 0 for all i ∈ Y0.
Suppose that t > q. We use induction on t to prove that φ(x(tεi)Di) = 0. By inductive
hypothesis and Lemma 2.1.1, φ(x(tεi)Di) ∈ Gt−q−1. Thus we may assume that
φ(x(tεi)Di) =
∑
u∈B,r∈Y
cu,rx
uDr where cu,r ∈ F. (3.2.16)
If |u| ≥ 2, then for the pair (u, r), there is k ∈ u \ r. Note that [xkDk, x
(tεi)Di] = 0.
Applying φ to this equation and using (3.2.16), one may get cu,r = 0. Therefore, noting
that zd(φ(x(tεi)Di)) = t− q − 1 ≥ 0, we have
φ(x(tεi)Di) =
∑
u∈B1,r∈Y1
cu,rx
uDr =
∑
l,r∈Y1
cl,rxlDr, (3.2.17)
where cl,r := cu,r if u = 〈l〉. Applying φ to the equation that [x
(tεi)Di, xlDr] = 0 for
l, r ∈ Y1, we obtain that cl,r = 0 whenever l 6= r and that cl,l = cr,r for all l, r ∈ Y1.
Denote λ := cr,r for all r ∈ Y1. It follows from (3.2.17) that
φ(x(tεi)Di) =
∑
l∈Y1
λxlDl = λΓ
′.
Applying φ to the equation that [x(tεi)Di, xkxlDj ] = 0 for i, j ∈ Y0 with j 6= i and
k, l ∈ Y1, we have
2λxkxlDj + [x
(tεi)Di, φ(xkxlDj)] = 0.
Since zd(φ(xkxlDj)) ≤ −1, the equation above yields λ = 0. For j ∈ Y \ i, it follows
that φ(x(tεi)Dj) = φ([x
(tεi)Di, xiDj ]) = 0. Therefore, φ(M) = 0.
It remains to show that φ(N ∪ P) = 0. Since N ∪ P ⊆ W1 and zd(φ) = −q ≤ −2,
it suffices to consider only the case zd(φ) = −2. Let k, l ∈ Y1, i ∈ Y0. Note that
φ(xkxlDi) ∈ W−1. Applying φ to the equation [Γ
′, xkxlDi] = 2xkxlDi, we have
φ(xkxlDi) =
1
2
φ([Γ′, xkxlDi]) =
1
2
[Γ′, φ(xkxlDi)] ∈ [Γ
′,W−1] = 0,
proving that φ(P) = 0. Similarly, we have
φ(xixkDl) = φ([Γ
′′, xixkDl]) = [Γ
′′, φ(xixkDl)] = −φ(xixkDl).
Thus φ(xixkDl) = 0, since charF 6= 2.
So far, we have showed that φ(M) = φ(N ) = φ(P) = 0. By Proposition 2.2.1, φ = 0.
⊓⊔
We are in the position to compute the homogeneous derivations of negative Z-degree.
We treat two cases separately. First, we give the following
Proposition 3.2.9. Suppose that q > 1 is not any p-power. Then Der−q(W) = 0.
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Proof. Let φ ∈ Der−q(W). Clearly, φ(W−1 +W0) = 0. If q 6≡ 0 (mod p), then Lemma
3.1.1 shows that φ = 0. Thus we assume that q ≡ 0 (mod p). Write q to be the p-adic
expression: q =
∑r
k=1 ckp
k, where 0 ≤ ck < p and cr 6= 0. We note that
(
q
pr
)
6≡ 0
(mod p) and
(
q
pr−1
)
≡ 0 (mod p). According to Lemma 3.2.8, it suffices to show that
φ(x(qεi)Di) = 0 for all i ∈ Y0.
Direct computation shows that
[
x((q−p
r+1)εi)Di, x
(prεi)Di
]
=
((
q
pr − 1
)
−
(
q
pr
))
x(qεi)Di = −
(
q
pr
)
x(qεi)Di.
Since q−pr+1 < q and pr < q, from the equation above one easily gets φ(x(qεi)Di) = 0.
The proof is complete. ⊓⊔
For the remaining case we have the following
Proposition 3.2.10. Let q be p-power pr for some r ∈ N. Then
Der−q(W) = spanF{(adDi)
q|i ∈ Y0}.
Proof. By Leibniz rule, it is easily seen that (adDi)
q is a derivation of W for all
i ∈ Y0. It follows that one implication holds. To prove the converse implication, let
φ ∈ Der−q(W). One may assume that
φ(x(qεi)Di) =
∑
r∈Y0
airDr where air ∈ F.
Applying φ to the equation that [x(qεi)Di, xjDj ] = 0 for j ∈ Y0\i, yields that aij = 0.
Therefore, φ(x(qεi)Di) = aiiDi where i ∈ Y0. Set ψ := φ −
∑
r∈Y0
arr(adDr)
q. Then
ψ(x(qεi)Di) = 0 for all i ∈ Y0. By Lemma 3.2.8 we have ψ = 0; that is, φ =∑
r∈Y0
arr(adDr)
q. The proof is complete. ⊓⊔
Assembling the main results obtained in this subsection we are able to describe the
derivation algebra of W. Recall that W stands for the even part of W = W (m,n; t),
where t = (t1, t2, . . . , tm) ∈ N
m.
Theorem 3.2.11. Der(W) = adW ⊕ {(adDi)
pri | i ∈ Y0, 1 ≤ ri < ti}.
Proof. By Leibniz rule, it is sufficient to show the inclusion‘⊂’. Note that when ri ≥ ti,
the derivation (adDi)
pri vanishes for i ∈ Y0. Then the theorem follows from Propositions
3.2.5, 3.2.7, 3.2.9 and 3.2.10. ⊓⊔
Remark 3.2.12. Now we can answer the question for W mentioned in the introduc-
tion. By Theorem 3.2.11 and [23, Theorem 1], it is easily seen that Der(W0) = Der0(W ),
whereW stands for the Lie superalgebraW (m,n; t). As mentioned in Introduction, this
implies that every derivation of the Lie algebra W0 can extend to be a superderivation
of the Lie superalgebra W.
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4. The derivation algebra of S
In this section we shall determine the derivation algebra of S (S is the even part of
the Lie superalgebra of S(m,n; t)). In contrast to the case of W, we do not find a
way to reduce directly a homogeneous derivation of nonnegative Z-degree of S to be a
derivation vanishing on S−1 ⊕ S0. Thus we encounter the difficulty that Lemma 3.2.1
is by no means applicable for S. This observation forces us to establish a proposition
similar to Proposition 2.1.6, but, where W−1 is replaced with the canonical torus TS
contained in S0. This is why we generalize Proposition 8.2 in [15, p. 192] to be Lemma
2.1.3 and then give Corollary 2.1.5. As a result, we establish such a proposition indeed,
which is written to be Lemmas 4.2.4 and 4.2.5 in Section 4.2.
Recall our convention that m,n > 2.
4.1. The top of S
Just as in the case ofW, in this subsection we shall study the derivations of nonnegative
Z-degree of S toW, which vanish on the top of S. As the final result in this subsection,
it is proved that such a derivation must be inner and determined by a scalar multiple
of Γ′ =
∑
r∈Y1
xrDr. The arguments will be based on the generator set of S (see
Proposition 2.2.3).
First, we consider the generators of the form Dil(x
(2εi)xk) in R, where i ∈ Y0 and
k, l ∈ Y1.
Lemma 4.1.1. Suppose that φ ∈ Der(S,W) with zd(φ) ≥ 0 and that φ(S−1+S0) = 0.
Then
φ(Dil(x
(2εi)xk)) = 0 for all i ∈ Y0, k, l ∈ Y1. (4.1.1)
Proof. By the definition of Dil,
Dil(x
(2εi)xk) = xixkDl + δklx
(2εi)Di for all i ∈ Y0, k, l ∈ Y1. (4.1.2)
By our assumption and Lemma 2.1.1, one may assume that
φ(Dil(x
(2εi)xk)) =
∑
r∈Y,u∈B
cu,rx
uDr where cu,r ∈ F. (4.1.3)
We proceed in two steps to prove the equation (4.1.1).
Case (i): zd(φ) is even. Then it follows from (4.1.3) that cu,r = 0 for all r ∈ Y1. Thus
φ(Dil(x
(2εi)xk)) =
∑
r∈Y0,u∈B
cu,rx
uDr. (4.1.4)
First, consider the case k 6= l. Then (4.1.2) yields
Dil(x
(2εi)xk) = xixkDl for k 6= l. (4.1.5)
Clearly,
[Γk − Γl,Dil(x
(2εi)xk)] = 2Dil(x
(2εi)xk) for k 6= l. (4.1.6)
Derivations for the even parts of modular Lie superalgebras W and S 26
Consequently,
[Γk − Γl, φ(Dil(x
(2εi)xk))] = 2φ(Dil(x
(2εi)xk)) for k 6= l. (4.1.7)
Then we obtain from (4.1.4) and (4.1.7) that∑
r∈Y0,u∈B
(δk∈u − δl∈u)cu,rx
uDr = 2
∑
r∈Y0,u∈B
cu,rx
uDr. (4.1.8)
It follows immediately from (4.1.8) that
(δk∈u − δl∈u)cu,r = 2cu,r for r ∈ Y0, u ∈ B.
This implies that cu,r = 0 for all r ∈ Y0, u ∈ B. Therefore, (4.1.1) holds for the case
k 6= l.
Second, we consider the case k = l. By (4.1.2),
Dik(x
(2εi)xk) = xixkDk + x
(2εi)Di. (4.1.9)
For q1, q2 ∈ Y1, it is easy to see that [Γq1 −Γq2,Dik(x
(2εi)xk)] = 0. Applying φ, one gets
[Γq1 − Γq2 , φ(Dik(x
(2εi)xk))] = 0. (4.1.10)
We then obtain from (4.1.4) and (4.1.10) that∑
r∈Y0,u∈B
(δq1∈u − δq2∈u)cu,rx
uDr = 0 for all q1, q2 ∈ Y1, r ∈ Y0.
Consequently,
(δq1∈u − δq2∈u)cu,r = 0 for all q1, q2 ∈ Y1, r ∈ Y0. (4.1.11)
Note that (4.1.11) implies that, if u 6= ω then cu,r = 0 for all r ∈ Y0. Therefore, it
follows from (4.1.4) that
φ(Dik(x
(2εi)xk)) =
∑
r∈Y0
cω,rx
ωDr. (4.1.12)
Find j ∈ Y0 \ i, since |Y0| ≥ 3. Note that (Notice (4.1.9))
[Γi − Γj,Dik(x
(2εi)xk)] = Dik(x
(2εi)xk).
Applying φ and substituting (4.1.12), we obtain that
[Γi − Γj ,
∑
r∈Y0
cω,rx
ωDr] =
∑
r∈Y0
cω,rx
ωDr.
It follows immediately that
−cω,ix
ωDi + cω,jx
ωDj =
∑
r∈Y0
cω,rx
ωDr.
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This implies that
cω,r = 0, whenever r 6= j.
Then (4.1.12) yields that
φ(Dik(x
(2εi)xk)) = cω,jx
ωDj whenever j ∈ Y0 \ i. (4.1.13)
The general assumption m ≥ 3 and (4.1.13) show that (4.1.1) holds in the case k = l.
Case (ii): zd(φ) is odd. Note that in this case it is easily seen in (4.1.3) that cu,r = 0
for all r ∈ Y0. Thus
φ(Dil(x
(2εi)xk)) =
∑
r∈Y1,u∈B
cu,rx
uDr. (4.1.14)
Recall Γ′ :=
∑
r∈Y1
xrDr. Using the formulas (4.1.5) and (4.1.9), one obtains by direct
computation that
[Γ′ + nΓi,Dil(x
(2εi)xk)] = nDil(x
(2εi)xk), (4.1.15)
[Γ′ + (n− 1)Γi + Γj,Dil(x
(2εi)xk)] = (n− 1)Dil(x
(2εi)xk) for j ∈ Y0 \ i. (4.1.16)
Applying φ to (4.1.15) and (4.1.16), respectively, one gets from (4.1.14) that
[Γ′, φ(Dil(x
(2εi)xk))] = [Γ
′ + nΓi, φ(Dil(x
(2εi)xk))] = nφ(Dil(x
(2εi)xk)), (4.1.17)
and
[Γ′, φ(Dil(x
(2εi)xk))] = [Γ
′ + (n− 1)Γi +Γj, φ(Dil(x
(2εi)xk))] = (n− 1)φ(Dil(x
(2εi)xk)).
(4.1.18)
Comparing (4.1.17) and (4.1.18), we have φ(Dil(x
(2εi)xk)) = 0. Summarizing, (4.1.1)
holds. ⊓⊔
Next, we consider the generators of the form Dij(xix
v) in R, where i, j ∈ Y0 and
v ∈ B2.
Lemma 4.1.2. Let φ ∈ Dert(S,W) with t ≥ 0. Suppose that φ(S−1 + S0) = 0. Then
there is λ ∈ F such that φ(Dij(xix
v)) = λDij(xix
v) for all i, j ∈ Y0 and v ∈ B2.
Proof. Note that
φ(Dij(xix
v)) = φ([Γq − Γj,Dij(xix
v)]) = [Γq − Γj, φ(Dij(xix
v))] for all q ∈ Y0 \ j.
(4.1.19)
Assume that
φ(Dij(xix
v)) =
∑
u∈B,r∈Y
cu,rx
uDr where cu,r ∈ F. (4.1.20)
Case (i): zd(φ) is even. Then
φ(Dij(xix
v)) =
∑
u∈B,r∈Y0
cu,rx
uDr. (4.1.21)
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If follows from (4.1.19) and (4.1.21) that
φ(Dij(xix
v)) =
∑
u
cu,jx
uDj −
∑
u
cu,qx
uDq for all q ∈ Y0 \ j. (4.1.22)
This implies that cu,q = 0 whenever q ∈ Y0 \ j and therefore,
φ(Dij(xix
v)) =
∑
u
cu,jx
uDj. (4.1.23)
Find k ∈ Y1 \ v, since n ≥ 3. Then [Γq + Γk,Dij(xix
v)] = 0 for q ∈ Y0 \ j. Applying φ
to this equation and then substituting (4.1.23), one gets∑
u∈B
δk∈ucu,jx
uDj = 0.
For any fixed u 6= v with |u| ≥ 2, if k ∈ u \ v, then the equation above forces cu,j = 0.
It follows from (4.1.23) that
φ(Dij(xix
v)) = cv,jx
vDj .
Note that Dij(xix
v) = xvDj . Just as in the proof of Lemma 3.1.2, one may easily check
that λ := cvj is independent of the choice of v and j. Therefore, the lemma holds in
this case.
Case (ii): zd(φ) is odd. Then
φ(Dij(xix
v)) =
∑
u∈B,r∈Y1
cu,rx
uDr.
Find q ∈ Y0 \ j. Then
[Γq − Γj,Dij(xix
v)] = Dij(xix
v).
Hence,
φ(Dij(xix
v)) = [Γq − Γj , φ(x
vDj)] = [Γq − Γj ,
∑
u∈B,r∈Y1
cu,rx
uDr] = 0.
The proof is complete. ⊓⊔
Finally, we consider the generators in Q.
Lemma 4.1.3. Let φ ∈ Der(S,W), zd(φ) ≥ 0. Suppose that φ(S−1 + S0) = 0. Then
φ(Dij(x
(aεi))) = 0 for all i, j ∈ Y0 and all a ∈ N. (4.1.24)
Proof. We proceed by induction on a ≥ 2 to prove (4.1.24). Assume that (4.1.24)
holds for a− 1. Then Lemma 2.1.1 ensures that
φ(Dij(x
(aεi))) =
∑
u∈B,r∈Y
cu,rx
uDr where cu,r ∈ F. (4.1.25)
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Note that Dij(x
(aεi)) = x((a−1)εi)Dj . Direct computation shows that
[xkDk + xjDj ,Dij(x
(aεi))] = −Dij(x
(aεi)) for all k ∈ Y1.
Applying φ to the equation and using (4.1.25), one obtains that∑
u,r
(δk∈u − δkr)cu,rx
uDr −
∑
u
cu,jx
uDj = −
∑
u,r
cu,rx
uDr. (4.1.26)
Comparing coefficients in (4.1.26), we have
(δk∈u − δkr)cu,r = −cu,r for r 6= j; (4.1.27)
(δk∈u − 1)cu,j = −cu,j. (4.1.28)
For arbitrary u ∈ B with |u| ≥ 2, find k ∈ u. Then (4.1.27) and (4.1.28) imply that
cur = 0 for r ∈ Y, since charF 6= 2. This proves (4.1.24). ⊓⊔
Now we can conclude this subsection by the following main result.
Corollary 4.1.4. Suppose that φ ∈ Der(S,W) with zd(φ) ≥ 0 and that φ(S−1+S0) =
0. Then φ ∈ F · adΓ′. In particular, φ is inner.
Proof. According to Lemma 4.1.2, there is λ ∈ F such that
φ(Dij(xix
v)) = λDij(xix
v) for all i, j ∈ Y0 and all v ∈ B2.
Set ψ := φ−12λadΓ
′.We then use Lemmas 4.1.1 and 4.1.3 in order to see that ψ(Q∪R) =
0. Lemma 2.2.2 applies and ψ = 0. Therefore, φ = 12λadΓ
′, completing the proof.
⊓⊔
Remark 4.1.5. As noted in Remark 3.1.6, the central work in the sequel is to reduce
the homogeneous derivation of nonnegative Z-degree to be vanishing on the top of S.
In contrast to the case W, just as remarked in the introduction of this paper, we shall
encounter the phenomenon that the reduction proposition [15, Proposition 8.4. p. 193]
is not applicable in this case.
4.2. Derivations of nonnegative Z-degree
In this subsection, we shall determine Dert(S,W) and Dert(S) for t ≥ 0 (Propositions
4.2.9 and 4.2.10). For derivations of positive odd Z-degree in Der(S,W), we establish
a lemma (Lemma 4.2.4) analogous to Proposition 2.1.6, which contends that such a
derivation vanishing on S−1 can be reduced to be vanishing on the toral elements
Γk − Γ1′ , k ∈ Y1 \ 1
′ (Lemma 4.2.4). For a derivation of nonnegative even Z-degree in
Der(S,W), we establish a corresponding lemma (Lemma 4.2.5). The reason that we
treat those two cases separately is that the images of elements in the canonical torus
under a derivation are of different forms with respect to the standard F-basis of W.
In view of the results mentioned above, the remaining works in this subsection will be
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devoted to reducing the derivations of nonnegative Z-degree to be vanishing on the top
S−1⊕S0. Thus we may conclude this subsection by using the result obtained in Section
4.1 (Corollary 4.1.4).
We first give two technical lemmas which will simplify our discussion. Recall the
notation n = |ω| = |Y1|.
Lemma 4.2.1. Suppose that φ ∈ Dert(S,W) and φ(W−1) = 0.
(i) If t = n− 1 is odd, then
φ(Γ1′ − Γk) = 0 for all k ∈ Y1 \ 1
′.
(ii) If t = n− 1 is even, then there is λ ∈ F such that
(φ− λad(xωD1′))(Γ1′ − Γk) = 0 for all k ∈ Y1 \ 1
′.
(iii) If t > n− 1, then φ = 0.
Proof. (i) We may assume that
φ(Γ1′ − Γk) =
∑
r∈Y0
crx
ωDr where cr ∈ F. (4.2.1)
Applying φ to [Γ1 − Γi,Γ1′ − Γk] = 0 for i ∈ Y0, k ∈ Y1, we have
[Γ1 − Γi, φ(Γ1′ − Γk)] = [Γ1′ − Γk, φ(Γ1 − Γi)] = 0, (4.2.2)
since φ(Γ1 − Γi) ∈ span{x
ωDr | r ∈ Y0}. (4.2.1) and (4.2.2) then yield
−c1x
ωD1 + cix
ωDi = 0, i ∈ Y0 \ 1.
Therefore cr = 0 for all r ∈ Y0 and (i) holds.
(ii) Applying φ to the equation that [Γ1′ − Γk,Γ1′ − Γl] = 0, one gets
[Γ1′ − Γk, φ(Γ1′ − Γl)] = [Γ1′ − Γl, φ(Γ1′ − Γk)] for all k, l ∈ Y1 \ 1
′. (4.2.3)
Since t is even and φ(W−1) = 0, by virtue of Lemma 2.1.1, we may assume that
φ(Γ1′ − Γk) =
∑
r∈Y1
c(k)r x
ωDr where c
(k)
r ∈ F. (4.2.4)
Combining (4.2.3) and (4.2.4), we have
−c
(l)
1′ x
ωD1′ + c
(l)
k x
ωDk = −c
(k)
1′ x
ωD1′ + c
(k)
l x
ωDl.
Consequently, c
(l)
k = c
(k)
l = 0, c
(l)
1′ = c
(k)
1′ . Let λ := c
(2′)
1′ = c
(3′)
1′ = · · · = c
(n′)
1′ . Then
(4.2.4) shows that φ(Γ1′ − Γk) = λx
ωD1′ for all k ∈ Y1 \ 1
′. Direct calculation shows
that λ ∈ F is the desired scalar.
(iii) By Lemma 2.1.1, φ(S0) ⊆ G. Note that G ⊆
⊕n−1
i=−1Wi. Since t > n− 1,
φ(S0) ⊆ Wt ∩ G = 0.
Now, one may easily show by induction on r that φ(Sr) = 0 for all r ∈ N, proving
φ = 0. ⊓⊔
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Lemma 4.2.2. Suppose that φ ∈ Der(S,W) and zd(φ) > 0 is odd.
(i) If zd(φ) < n− 1 and
φ(Γ1′ − Γ2′) = φ(Γ1′ − Γ3′) = · · · = φ(Γ1′ − Γn′) = 0
then
φ(Γ1 − Γ2) = φ(Γ1 − Γ3) = · · · = φ(Γ1 − Γm) = 0; φ(Γ1 + Γ1′) = 0.
(ii) If zd(φ) = n− 1 then there are λ1, . . . , λm ∈ F such that(
φ− ad
(∑
i∈Y0
λix
ωDi
))
(Γ1 − Γj) = 0 for all j ∈ Y0 \ 1;
(
φ− ad
(∑
i∈Y0
λix
ωDi
))
(Γ1 + Γ1′) = 0.
Proof. Note that zd(φ) is odd and φ(S0) ⊆ G, by Lemma 2.1.1. We may assume that
φ(Γ1 − Γi) =
∑
r∈Y0,u∈B
c(i)u,rx
uDr where c
(i)
u,r ∈ F. (4.2.5)
(i) Since zd(φ) < n − 1, the coefficients c
(i)
ω,r in (4.2.5) vanish for all r ∈ Y0. For any
fixed v 6= ω, find k ∈ v and l ∈ Y1 \v. Applying φ to the equation [Γk−Γl,Γ1−Γi] = 0,
one may obtain by the hypothesis that
[Γk − Γl, φ(Γ1 − Γi)] = 0 for i ∈ Y0 \ 1.
Combining (4.2.5) with the equation above, we have∑
r∈Y0,u∈B
(δk∈u − δl∈u)c
(i)
u,rx
uDr = 0. (4.2.6)
Since δk∈v − δl∈v = 1, (4.2.6) implies that
c(i)v,r = 0 for all r ∈ Y0.
Then by (4.2.5), φ(Γ1 − Γi) = 0 for i ∈ Y0 \ 1. One may show in the same way that
φ(Γ1 + Γ1′) = 0.
(ii) As zd(φ) = n− 1, we know from (4.2.5) that
φ(Γ1 − Γi) =
∑
r∈Y0
c(i)ω,rx
ωDr. (4.2.7)
Applying φ to the equation [Γ1 − Γi,Γ1 − Γj ] = 0 for i, j ∈ Y0 \ 1 with i 6= j, and then
combining with (4.2.7), we have[ ∑
r∈Y0
c(i)ω,rx
ωDr,Γ1 − Γj
]
=
[ ∑
r∈Y0
c(j)ω,rx
ωDr,Γ1 − Γi
]
.
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Consequently,
c
(i)
ω,1x
ωD1 − c
(i)
ω,jx
ωDj = c
(j)
ω,1x
ωD1 − c
(j)
ω,ix
ωDi.
This implies that
c
(i)
ω,1 = c
(j)
ω,1, (4.2.8)
c
(i)
ω,j = c
(j)
ω,i = 0 for all i, j ∈ Y0 \ 1 with i 6= j. (4.2.9)
By (4.2.8), let λ1 := c
(i)
ω,1 for i ∈ Y0 \ 1. Then (4.2.7) and (4.2.9) show that
φ(Γ1 − Γi) = λ1x
ωD1 + c
(i)
ω,ix
ωDi. (4.2.10)
Let λi := −c
(i)
ω,i for i = 2, . . . ,m and ϕ := φ −
∑
i∈Y0
λiad(x
ωDi). Then (4.2.10) shows
that
ϕ(Γ1 − Γi) = 0 for all i ∈ Y0 \ 1; (4.2.11)
that is, the first equation in (ii) holds. To show that ϕ(Γ1 + Γ1′) = 0, assume that
ϕ(Γ1 + Γ1′) =
∑
r∈Y0
dω,rx
ωDr where dω,r ∈ F. (4.2.12)
For i ∈ Y0 \ 1, applying ϕ to the equation [Γ1 − Γi,Γ1 + Γ1′ ] = 0, and using (4.2.11)
and (4.2.12), one may get
dω,ix
ωDi − dω,1x
ωD1 = [Γ1 − Γi,
∑
r∈Y0
dω,rx
ωDr] = 0.
Consequently, dω,i = dω,1 = 0 for i ∈ Y0 \ 1. This proves that ϕ(Γ1 + Γ1′) = 0. Hence,
the second equation in (ii) holds . The proof is complete. ⊓⊔
Recall the canonical torus of S
TS := spanF{Γ1 − Γ2, . . . ,Γ1 − Γm,Γ1 + Γ1′ ,Γ1′ − Γ2′ , . . . ,Γ1′ − Γn′}.
Summarizing, we have the following fact:
Corollary 4.2.3. Suppose that φ ∈ Der(S,W) is homogeneous derivation of positive
odd Z-degree such that φ(S−1) = 0 and φ(Γk − Γ1′) = 0 for all k ∈ Y1 \ 1
′. Then there
is E ∈ G such that (φ− adE) vanishes on the canonical torus TS .
Proof. This is a direct consequence of Lemma 4.2.1(iii) and Lemma 4.2.2. ⊓⊔
We now prove two key lemmas in this subsection. First, consider the derivations of
odd Z-degree. We shall use Lemma 2.1.3.
Lemma 4.2.4. Suppose that φ ∈ Dert(S,W), where t > 0 is odd. If φ(S−1) = 0, then
there is D ∈ Gt such that
(φ− adD)(Γk − Γ1′) = 0 for all k ∈ Y1 \ 1
′.
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Proof. If t ≥ n− 1, then Lemma 4.2.1(i) and (iii) show that
φ(Γk − Γ1′) = 0 for all k ∈ Y1 \ 1
′.
We therefore assume that t < n− 1.
By Lemma 2.1.1, one may assume that
φ(Γk − Γ1′) =
∑
r∈Y0
frkDr where k ∈ Y1 \ 1
′; frk ∈ Λ(n). (4.2.13)
Applying φ to the equation that [Γk − Γ1′ ,Γl − Γ1′ ] = 0 for k, l ∈ Y1 \ 1
′, and using
(4.2.13), one gets
[
∑
r∈Y0
frkDr,Γl − Γ1′ ] + [Γk − Γ1′ ,
∑
r∈Y0
frlDr] = 0.
Consequently, ∑
r∈Y0
(Γk − Γ1′)(frl)Dr =
∑
r∈Y0
(Γl − Γ1′)(frk)Dr.
Since {Dr | r ∈ Y } is a free basis of A-module W, we have
(Γk − Γ1′)(frl) = (Γl − Γ1′)(frk) for all r ∈ Y0; k, l ∈ Y1 \ 1
′. (4.2.14)
Note that frk ∈ Λ(n). Let
frk =
∑
|u|=t+1
cu,r,kx
u where cu,r,k ∈ F. (4.2.15)
Combining (4.2.15) and (4.2.14), we have∑
|u|=t+1
(δk∈u − δ1′∈u)cu,r,lx
u =
∑
|u|=t+1
(δl∈u − δ1′∈u)cu,r,kx
u.
Since {xu | u ∈ B} is an F-basis of Λ(n), it follows that
(δk∈u − δ1′∈u)cu,r,l = (δl∈u − δ1′∈u)cu,r,k for r ∈ Y0; k, l ∈ Y1 \ 1
′. (4.2.16)
Assume that cu,r,k is an arbitrary fixed nonzero coefficient in (4.2.15), where |u| =
t+ 1 < n, r ∈ Y0 and k ∈ Y1 \ 1
′. If 1′ 6∈ u, noting that 2 ≤ |u|, one may find l ∈ u \ k.
Then (4.2.16) shows that δk∈u = 1; that is, k ∈ u. If 1
′ ∈ u, noting that |u| ≤ n−1, one
may find l ∈ Y1 \ u. Then (4.2.16) shows that δk∈u = 0; that is, k 6∈ u. Summarizing,
for any nonzero coefficient cu,r,k in (4.2.15), we have δk∈u + δ1′∈u = 1. Then, we can
rewrite (4.2.15) as follows
frk =
∑
1′∈u,k 6∈u
cu,r,kx
u +
∑
1′ 6∈u,k∈u
cu,r,kx
u.
Direct computation shows that
(Γk − Γ1′)(frk) = −
∑
1′∈u,k 6∈u
cu,r,kx
u +
∑
1′ 6∈u,k∈u
cu,r,kx
u.
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Therefore,
(Γk − Γ1′)
2(frk) = frk for all r ∈ Y0 and k ∈ Y1 \ 1
′. (4.2.17)
Put V := Λ(n), vk := frk and Ak = Bk := Γk −Γ1′ for k ∈ Y1 \ 1
′. Now, we are going
to show that the conditions of Lemma 2.1.3 are fulfilled. (i) is automatic. (4.2.14)
ensures that (ii) holds. (4.2.17) shows that (2.1.2) holds. (2.1.3) is clear. We check
(2.1.1); that is,
(Γk − Γ1′)
3 = Γk − Γ1′ for k ∈ Y1 \ 1
′. (4.2.18)
For every basis element xu of V = Λ(n), noticing that δk∈u − δ1′∈u = 0, 1 or −1, we
obtain that
(Γk − Γ1′)
3(xu) = (δk∈u − δ1′∈u)
3xu = (δk∈u − δ1′∈u)x
u = (Γk − Γ1′)(x
u).
Thus (4.2.18) holds. By Lemma 2.1.3, there is fr ∈ Λ(n) for any fixed r ∈ Y0, such
that
(Γk − Γ1′)(fr) = frk for all k ∈ Y1 \ 1
′. (4.2.19)
Set D′ = −
∑
r∈Y0
frDr.We obtain by using (4.2.13) and (4.2.19) that, for k ∈ Y1\1
′,
[D′,Γk − Γ1′ ] =
∑
r∈Y0
(Γk − Γ1′)(fr)Dr =
∑
r∈Y0
frkDr = φ(Γk − Γ1′). (4.2.20)
Let D := D′t. Then D ∈ Gt and (4.2.20) shows that [D,Γk − Γ1′ ] = φ(Γk − Γ1′) for all
k ∈ Y1 \ 1
′, since zd(φ) = t. Hence
(φ− adD)(Γk − Γ1′) = 0 for all k ∈ Y1 \ 1
′.
⊓⊔
Let us consider the case of even Z-degree. Notice that, in contrast to the case of
odd degree, we consider different elements in the canonical torus. This will simplify
the computation.
Lemma 4.2.5. Let φ ∈ Dert(S,W) where t ≥ 0 is even. If φ(W−1) = 0, then there is
D ∈ Gt such that
(φ− adD)(Γ1 + Γk) = 0 for all k ∈ Y1. (4.2.21)
Proof. Since φ is of even Z-degree, by Lemma 2.1.1, we may assume that for k ∈ Y1,
φ(Γ1 + Γk) =
∑
r∈Y1
frkDr where frk ∈ Λ(n). (4.2.22)
It is easily seen that
[Γ1 + Γk, φ(Γ1 + Γl)] = [Γ1 + Γl, φ(Γ1 + Γk)] for all k, l ∈ Y1. (4.2.23)
Thus we obtain from (4.2.22) and (4.2.23) that∑
r∈Y1
(Γk(frl)− Γl(frk))Dr + flkDl − fklDk = 0. (4.2.24)
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Comparing coefficients we have
Γk(frl) = Γl(frk) whenever r 6= k, l; (4.2.25)
Γl(fkk) = Γk(fkl)− fkl whenever k 6= l. (4.2.26)
For r, k ∈ Y1, one may assume that
frk =
∑
|u|=t+1
curkx
u where curk ∈ F. (4.2.27)
We then obtain from (4.2.25) and (4.2.27) that
δl∈ucurk = δk∈ucurl whenever r 6= k, l. (4.2.28)
(4.2.28) implies that for r ∈ Y1 \ {k, l},
curk 6= 0 and l ∈ u⇐⇒ curl 6= 0 and k ∈ u. (4.2.29)
Let r, k ∈ Y1 with r 6= k. If curk 6= 0, then (4.2.29) ensures that k ∈ u. Thus
Γk(frk) = frk whenever r 6= k. (4.2.30)
For any fixed r ∈ Y1, by Corollary 2.1.5, there is f r ∈ Λ(n) such that
Γk(f r) = frk for all k ∈ Y1 \ r. (4.2.31)
Assert that
Γk(fkk) = 0 for all k ∈ Y1. (4.2.32)
We treat two cases separately.
Case (i): t ≥ 2. Note that Γ2k = Γk for k ∈ Y1, by Lemma 2.1.2(ii). We obtain from
(4.2.26) that
ΓlΓk(fkk) = ΓkΓl(fkk) = Γ
2
k(fkl)− Γk(fkl) = 0 for all l ∈ Y1 \ k. (4.2.33)
Since zd(fkk) = t + 1 ≥ 3 and Γk(x
u) = δk∈ux
u, one may easily deduce (4.2.32) from
(4.2.33).
Case (ii): t = 0. Applying φ to the equation that [xlDk,Γ1 + Γk] = xlDk for k, l ∈ Y1
with k 6= l, we have
φ(xlDk) + [Γ1 + Γk, φ(xlDk)] = [xlDk, φ(Γ1 + Γk)]. (4.2.34)
On the other hand, noticing that zd(frk) = 1, it is easily seen from (4.2.30) that
frk = crkxk whenever r 6= k, (4.2.35)
where crk ∈ F. Then we obtain from (4.2.22) and (4.2.35) that
φ(Γ1 + Γk) = fkkDk +
∑
r∈Y1\k
crkxkDr. (4.2.36)
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Combining (4.2.34) and (4.2.36) and noticing that Dk(fkk) ∈ F, we have
φ(xlDk) + [Γ1 + Γk, φ(xlDk)] = (Dk(fkk)xl − clkxk)Dk +
∑
r∈Y1\k
crkxlDr. (4.2.37)
Since zd(φ) = 0, one may assume that for k, l ∈ Y1 with k 6= l,
φ(xlDk) =
∑
s,r∈Y1
µ(l,k)s,r xsDr where µ
(l,k)
s,r ∈ F. (4.2.38)
Clearly,
[Γ1 + Γk, xsDr] = (δks − δkr)xsDr for k, l ∈ Y1. (4.2.39)
It follows from (4.2.38) and (4.2.39) that
φ(xlDk) + [Γ1 +Γk, φ(xlDk)] =
∑
s,r∈Y1
µ(l,k)s,r xsDr +
∑
s,r∈Y1
(δks − δkr)µ
(l,k)
s,r xsDr. (4.2.40)
The coefficient of Dk in the right hand side of (4.2.40) is∑
s∈Y1
µ
(l,k)
s,k xs +
∑
s∈Y1
(δks − δkk)µ
(l,k)
s,k xs =
∑
s∈Y1
δksµ
(l,k)
s,k xs = µ
(l,k)
k,k xk.
We then obtain from (4.2.37) that
Dk(fkk)xl − clkxk = µ
(l,k)
k,k xk.
It follows that Dk(fkk) = 0, proving (4.2.32).
For r ∈ Y1, put
fr := −frr + (Γ1 + Γr)(f r).
Clearly, fr ∈ Λ(n), since f r, frr ∈ Λ(n). Using (4.2.32), we have
(Γ1 + Γr)(fr)− fr = frr. (4.2.41)
For k ∈ Y1 \ r, using (4.2.26) and (4.2.31), we obtain that
(Γ1 + Γk)(fr) = −(Γ1 + Γk)(frr) + (Γ1 + Γk)(Γ1 + Γr)(f r)
= −Γk(frr) + ΓrΓk(f r)
= −(Γr(frk)− frk) + Γr(frk)
= frk.
Putting D′ = −
∑
r∈Y1
frDr, we then obtain by using (4.2.41) that
[D′,Γ1 + Γk] = −
∑
r∈Y1
[frDr,Γ1 + Γk]
=
∑
r∈Y1
(Γ1 + Γk)(fr)Dr − fkDk
=
∑
r∈Y1\k
(Γ1 + Γk)(fr)Dr + ((Γ1 + Γk)(fk)− fk)Dk
=
∑
r∈Y1\k
frkDr + fkkDk
= φ(Γ1 + Γk).
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Let D := D′t. Then D ∈ Gt. Since zd(φ) = t, we have
[D,Γ1 + Γk] = φ(Γ1 + Γk) for all k ∈ Y1.
Now it is easy to see that (4.2.21) holds. ⊓⊔
For our purpose, we need still the following three reduction lemmas.
Lemma 4.2.6. Suppose that φ ∈ Dert(S,W), and φ(S−1) = 0 where t > 0 is even. If
φ(Γ1 + Γk) = 0 for all k ∈ Y1, then φ(S0) = 0.
Proof. (i) First, we show that φ(Γ1 − Γi) = 0 for all i ∈ Y0 \ 1. Since zd(φ) is even, by
Lemma 2.1.1 we may assume that
φ(Γ1 − Γi) =
∑
r∈Y1,u∈B
c(i)u,rx
uDr where c
(i)
u,r ∈ F. (4.2.42)
For any fixed coefficient c
(i)
v,s, the assumption that zd(φ) = t > 0 ensures that there is
k ∈ v \ s. Applying φ to the equation that [Γ1 + Γk,Γ1 − Γi] = 0 and using (4.2.42),
one gets ∑
r∈Y1,u∈B
δk∈uc
(i)
u,rx
uDr −
∑
u
c
(i)
u,kx
uDk = 0.
The choice of k and the equation above imply that c
(i)
v,s = 0. Thus φ(Γ1 − Γi) = 0 for
all i ∈ Y0 \ 1.
(ii) Second, we show that φ(xiDj) = 0 for all i, j ∈ Y0 with i 6= j. By our general
assumption that m ≥ 3, one may find r ∈ Y0 \ {i, j}. Then [xiDj ,Γr + Γk] = 0 for all
k ∈ Y1. Notice the assumption that φ(Γ1 + Γk) = 0 for all k ∈ Y1. By (i), it is easily
seen that φ(Γr + Γk) = 0. Then [Γr + Γk, φ(xiDj)] = 0. Arguing as in (i), one may see
that the assertion holds.
(iii) Finally, we assert that φ(xkDl) = 0 for k, l ∈ Y1 with k 6= l. Just as in (i), one
may assume that
φ(xkDl) =
∑
r∈Y1,u∈B
cu,rx
uDr where cu,r ∈ F. (4.2.43)
Case 1: zd(φ) = 2. Note that nΓ1 + Γ
′ ∈ S and φ(nΓ1 + Γ
′) = 0 by the assumption.
Noticing (4.2.43), we have
2φ(xkDl) = [Γ
′, φ(xkDl)] = [nΓ1 + Γ
′, φ(xkDl)] = 0.
Therefore, φ(xkDl) = 0.
Case 2: zd(φ) ≥ 4. For any given coefficient cv,s in (4.2.43), one may take q ∈ v\{k, l, s},
since |v| = zd(φ) + 1 ≥ 5. Then [Γ1 + Γq, xkDl] = 0 and therefore,
[Γ1 + Γq,
∑
r∈Y1,u∈B
cu,rx
uDr] = 0.
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Furthermore, ∑
r∈Y1,u∈B
δq∈ucu,rx
uDr −
∑
u
cu,qx
uDq = 0.
Consequently, cv,s = 0 and then φ(xkDl) = 0 for all k, l ∈ Y1 with k 6= l. Summarizing,
we have φ(S0) = 0. ⊓⊔
Lemma 4.2.7. Suppose that φ ∈ Der(S,W) is a homogeneous derivation of positive
odd Z-degree and φ(S−1 + TS) = 0. Then φ(S0) = 0.
Proof. We first assert that
φ(xiDj) = 0 for all i, j ∈ Y0 with i 6= j.
Since zd(φ) is odd, by Lemma 2.1.1 one may assume that
φ(xiDj) =
∑
r∈Y0,u
cu,rx
uDr where cu,r ∈ F.
Since m ≥ 3, one may take s ∈ Y0 \ {i, j}. Clearly,
[Γs + Γk, xiDj ] = 0 for all k ∈ Y1.
Applying φ to the equation above, we have∑
r∈Y0,u∈B
δk∈ucu,rx
uDr −
∑
u
cu,sx
uDs = 0.
Consequently,
δk∈ucu,r = 0 for r ∈ Y0 \ s; k ∈ Y1. (4.2.44)
Take k ∈ u. We obtain from (4.2.44) that cu,r = 0 for r ∈ Y0 \ s. Thus
φ(xiDj) =
∑
u∈B
cu,sx
uDs. (4.2.45)
Applying φ to the following equation
[xjDj + Γk, xiDj] = −xiDj for all k ∈ Y1,
we obtain by using (4.2.45) that
[xjDj + Γk,
∑
u
cu,sx
uDs] = −
∑
u
cu,sx
uDs.
Then ∑
u
δk∈ucu,sx
uDs = −
∑
u
cu,sx
uDs.
A comparison of coefficients shows that
δk∈ucu,s = −cu,s for all k ∈ Y1. (4.2.46)
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Take k ∈ u. Then (4.2.46) yields cu,s = 0 for all u ∈ B. Then we obtain from (4.2.45)
that
φ(xiDj) = 0 for i, j ∈ Y0 with i 6= j.
The assertion holds.
It remains only to show that
φ(xkDl) = 0 for k, l ∈ Y1 with k 6= l.
As in the above, we may assume that
φ(xkDl) =
∑
r∈Y0,u∈B
cu,rx
uDr where cu,r ∈ F.
Clearly,
[xkDl,Γi − Γj] = 0 for i, j ∈ Y0 with i 6= j.
Applying φ to this equation, we obtain that∑
u
cu,ix
uDi −
∑
u
cu,jx
uDj = 0
and therefore, cu,i = cu,j = 0. Hence cu,r = 0 for all r and all u. The proof is complete. ⊓⊔
Lemma 4.2.8. Suppose that φ ∈ Der0(S,W) and φ(W−1) = 0. If
φ(Γ1 + Γk) = 0 for all k ∈ Y1,
then there is D ∈ G0 such that (φ− adD)(S0) = 0.
Proof. By Lemma 2.1.1, φ(xiDj) ∈ E(G) for all i, j ∈ Y0 with i 6= j. Then
φ(Γ1 − Γi) = [φ(x1Di), xiD1] + [x1Di, φ(xiD1)] = 0 for i ∈ Y0 \ 1.
We next show that φ(xiDj) = 0 for i, j ∈ Y0 with i 6= j. Find r ∈ Y0 \ {i, j}, since
m ≥ 3. Then
φ(xiDj) = φ([Γi − Γr, xiDj ]) = 0,
since φ(Γi − Γr), φ(xiDj) ∈ E(G). Finally, consider φ(xkDl) for k, l ∈ Y1 with k 6= l.
We may assume that
φ(xkDl) =
∑
r∈Y1
frDr where fr ∈ Λ(n)1.
For q ∈ Y1 \ {k, l}, we have [Γ1 + Γq, xkDl] = 0 and therefore,∑
r
(Γ1 + Γq)(fr)Dr − fqDq = 0.
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Consequently, (Γ1+Γq)(fq) = fq. This implies that fq = c
(q)
k,lxq for q ∈ Y1 \ {k, l}, since
fq ∈ Λ(n)1. Therefore,
φ(xkDl) =
∑
r∈Y1\{k,l}
crxrDr + fkDk + flDl.
Note that [Γ1 + Γk, φ(xkDl)] = φ(xkDl). Then
(Γ1 + Γk)(fk)Dk − fkDk + Γk(fl)Dl =
∑
r∈Y1\{k,l}
crxrDr + fkDk + flDl.
Comparing coefficients we have
cr = 0 for r ∈ Y1 \ {k, l};
(Γ1 + Γk)(fk) = 2fk;
Γk(fl) = fl.
The last two equations imply that fk = 0 and there is λkl ∈ F such that fl = λklxk.
Thus
φ(xkDl) = λklxkDl.
Just as in the proof of Proposition 3.2.4, one may show from the equation above that
there is D ∈ G0 such that
(φ− adD)(S0) = 0.
⊓⊔
Now we are able to characterize the homogeneous derivation space of nonnegative
Z-degree.
Proposition 4.2.9. Dert(S,W) = adWt for t ≥ 0.
Proof. Clearly, adWt ⊂ Dert(S,W). To prove the converse inclusion, let φ ∈ Dert(S,W).
In the light of Proposition 2.1.6, we may assume that φ(S−1) = 0. We treat two cases
separately.
(i) Suppose that zd(φ) is odd. By Lemma 4.2.4 and Corollary 4.2.3, there is E ∈ G
such that φ − adE vanishes on TS . Then Lemma 4.2.7 shows that φ − adE vanishes
on S0. Clearly, (φ − adE)(S−1) = 0. Now Corollary 4.1.4 ensures that φ ∈ adW and
therefore, φ ∈ adWt.
(ii) Suppose that zd(φ) is even. By Lemma 4.2.5, there is D ∈ Gt such that
(φ − adD)(Γ1 + Γk) = 0 for all k ∈ Y1. If t > 0, then Lemma 4.2.6 implies that
(φ − adD)(S0) = 0. If t = 0, then Lemma 4.2.8 shows that there is E ∈ G0 such that
(φ− adD − adE)(S0) = 0. Now, Corollary 4.1.4 ensures that φ ∈ Dert(S,W) is inner.
The proof is complete. ⊓⊔
As an application of Proposition 4.2.9, we have:
Proposition 4.2.10. Dert(S) = ad(S + T )t for t ≥ 0.
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Proof. Just as in the case of Lie algebras, one may prove that S is an ideal of S and
T ⊂ NorW(S) (cf. [19, 23]). It follows that ad(S+T )t ⊂ Dert(S). To prove the converse
inclusion, let φ ∈ Dert(S). One may identity φ with a derivation of Dert(S,W). Then
by Proposition 4.2.9, there is D ∈ Wt such that φ = adD as elements of Dert(S,W)
and therefore, φ = adD as elements of Dert(S). Clearly, D ∈ NorW(S)t. Therefore, it is
enough to show that NorW(S)t ⊂ (S+T )t. Let E be an arbitrary element of NorW(S)t.
Then div([Di, E]) = 0 for all i ∈ Y0. Since div is a derivation ofW to A and div(Di) = 0,
it follows that Di(div(E)) = 0 for all i ∈ Y0. This implies that div(E) ∈ Λ(n)t.
If t = 0 then div(E) ∈ F. It follows that div(E−div(E)Γ1) = 0. Hence E ∈ (S+T )0 =
S0 + T .
Suppose that t > 0. We contend that NorW(S)t ⊂ St. Assume that on the contrary
that NorW(S)t 6⊂ St. Then there is E ∈ NorW(S)t \ St. Since div(E) ∈ Λ(n), one may
write E to be the following form
E =
∑
i∈X0,u∈Ω0
cuix
uxiDi +
∑
k∈v,v∈Ω1
cvkx
vDk +G (4.2.47)
such that
div(E) =
∑
i∈X0,u∈Ω0
cuix
u −
∑
k∈v,v∈Ω1
cvkDk(x
v) (4.2.48)
and that no any cancellation occurs in the right hand side of (4.2.48), where X0 ⊂
Y0,X1 ⊂ Y1; Ω0 ⊂ ∪1≤r≤n
2
B2r,Ω1 ⊂ ∪1≤r≤n−1
2
B2r+1; cui, cvk ∈ F; G ∈ S. Evidently,
the assumption that NorW(S)t 6⊂ St secures that X0 6= ∅ and Ω0 6= ∅, or, X1 6= ∅ and
Ω1 6= ∅. Assume that X0 6= ∅ and Ω0 6= ∅. Given w ∈ Ω0 and j ∈ X0, choose r ∈ w. It
follows from (4.2.47) that∑
i∈X0,u∈Ω0
δr∈ucuix
uxiDi+
∑
k∈v,v∈Ω1
(δr∈v− δrk)cvkx
vDk = [Γr+Γ1, E]− [Γr+Γ1, G] ∈ S,
since Γr + Γ1 ∈ S. Applying the divergence, we obtain from the equation above that∑
i∈X0,u∈Ω0
δr∈ucuix
u −
∑
k∈v,v∈Ω1
(δr∈v − δrk)cvkDk(x
v) = 0. (4.2.49)
Note that δr∈v − δrk = 0 or 1. One should bear in mind, as remarked above, that no
cancellation occurs in the right hand side of (4.2.48). Thus the nonzero summand cwjx
w
in the first sum in the left hand side of (4.2.49) cannot be cancelled, contradicting to
that the right hand side is zero.
It remains to discuss the case that X1 6= ∅ and Ω1 6= ∅. Given w ∈ Ω1 and l ∈ X1,
one can choose r ∈ w \ l since |w| ≥ 3. Arguing as above one may find that cwlDl(x
w)
is a nonzero summand in the second sum in the left hand side of (4.2.49), which cannot
be cancelled by the same token, contradicting that the right hand side is zero.
So far, we have proved that NorW(S)t ⊂ St for t > 0. Summarizing, the proof is
complete. ⊓⊔
Remark 4.2.11. Our original idea is to study the derivation algebra Der(S) rather
than the derivation space Der(S,W), which contains the former in the obvious sense.
Derivations for the even parts of modular Lie superalgebras W and S 42
But, in practice, it is convenient and effective first to study the derivation space
Der(S,W) rather than the algebra Der(S). Our work had ever stopped for a time,
since we observed that the natural Z-gradation is not admissibly graded (see Remark
2.1.8). However, when we considered the derivation space Der(S,W) and determined
it at last, almost all problems were solved at the last moment.
4.3. Derivation algebra of S
In this subsection we first determine the homogeneous derivations of negative Z-
degree of S to W. This combining with the results obtained in Section 4.2 will give
the structure of the derivation space Der(S,W). Using these results we are able to
characterize the derivation algebra Der(S).
To compute the derivations of negative Z-degree, recall the generator set of S (see
Proposition 2.2.3). We still adopt the notations
R := {Dil(x
(2εi)xk) | i ∈ Y0, k, l ∈ Y1} ∪ {Dij(xixkxl | i, j ∈ Y0, k, l ∈ Y1}
and
Q = {Dij(x
(aεj)) | i, j ∈ Y0, i 6= j, a ∈ N}.
The following lemma tells us that a derivation of Z-degree −1 of S toW is completely
determined by its action on S0.
Lemma 4.3.1. Suppose that ϕ ∈ Der−1(S,W) and ϕ(S0) = 0. Then ϕ = 0.
Proof. First of all, we show that ϕ(R) = 0. We shall use the following simple fact (by
Lemma 2.1.1):
ϕ(S1) ⊆ G0 ⊆ E(G). (4.3.1)
Given i ∈ Y0, k, l ∈ Y1, take j ∈ Y0 \ i. Then
[Γi − Γj,Dil(x
(2εi)xk)] = Dil(x
(2εi)xk). (4.3.2)
From (4.3.1) and (4.3.2), we obtain that
ϕ
(
Dil(x
(2εi)xk)
)
= 0 for i ∈ Y0, k, l ∈ Y1. (4.3.3)
By a same argument, we can also obtain that
ϕ
(
Dil(xixkxl)
)
= 0 for all i ∈ Y0, k, l ∈ Y1. (4.3.4)
It follows from (4.3.3) and (4.3.4) that ϕ(R) = 0.
We next show that ϕ(Q) = 0. If a = 3, it is easily showed as above that ϕ
(
Di,j(x
(aεj))
)
=
0. Now suppose that a ≥ 4. We proceed by induction on a to show that
ϕ
(
Dij(x
(aεj))
)
= 0, a ≥ 4. (4.3.5)
By inductive hypothesis,
ϕ
(
Dij(x
(aεj))
)
∈ Ga−3. (4.3.6)
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If a is odd, then (4.3.6) ensures that
ϕ
(
Dij(x
(aεj))
)
=
∑
r∈Y1,u∈Ba−2
cu,rx
uDr where cu,r ∈ F. (4.3.7)
Given any coefficient cv,s in (4.3.7), one may take k ∈ v \ r, since |u| = a− 2 ≥ 2. One
may also take q ∈ Y0 \ {i, j}, since m ≥ 3. Then
[Γk + Γq,Dij(x
(aεj ))] = 0. (4.3.8)
Applying ϕ to (4.3.8) and using (4.3.7), one gets cv,s = 0. Thus (4.3.5) holds.
If a is even, by (4.3.6),
ϕ
(
Dij(x
(aεj))
)
=
∑
r∈Y0,u∈Ba−2
cu,rx
uDr. (4.3.9)
Given any coefficient cv,s in (4.3.9), take k ∈ v, q ∈ Y0 \ {s, j}. Then
[Γk + Γq,Dij(x
(aεj))] = −δqjDij(x
(aεj )). (4.3.10)
From (4.3.9) and (4.3.10), one may compute that cv,s = −δqjcv,s. Therefore, cv,s = 0
and (4.3.5) holds. This proves ϕ(Q) = 0. ⊓⊔
Using Lemma 4.3.1 we can determine the derivations of Z-degree −1; in particular,
they are all inner.
Proposition 4.3.2. Der−1(S,W) = adW−1. In particular, Der−1(S) = adS−1.
Proof. Let φ ∈ Der−1(S,W). For i ∈ Y0, suppose that
φ(Γ1′ + Γi) =
∑
r∈Y0
ci,rDr where ci,r ∈ F. (4.3.11)
Let j ∈ Y0 \ i. Then [Γ1′ + Γi,Γ1′ + Γj] = 0 and therefore,
[Γ1′ + Γi, φ(Γ1′ + Γj)] = [Γ1′ + Γj , φ(Γ1′ + Γi)].
Then by (4.3.11),
ci,j = 0 whenever i, j ∈ Y0 with i 6= j.
Thus, by (4.3.11), one gets
φ(Γ1′ + Γi) = ci,iDi where ci,i ∈ F. (4.3.12)
Obviously,
[Γ1′ + Γi, xiDj ] = xiDj for i, j ∈ Y0 with i 6= j.
Using (4.3.12), we then have
ci,iDj + [Γ1′ + Γi, φ(xiDj)] = φ(xiDj).
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Noticing that φ(xiDj) ∈ S−1 =W−1, we obtain from the equation above that φ(xiDj) =
ci,iDj . Now let ψ := φ−
∑
r∈Y0
cr,radDr. Then
ψ(Γ1′ + Γi) = ψ(xiDj) = 0 for i, j ∈ Y0, i 6= j. (4.3.13)
We want to prove that
ψ(xkDl) = 0 for k, l ∈ Y1 with k 6= l. (4.3.14)
To do that, we choose q ∈ Y1 \ {k, l}. Then
[Γi + Γq, xkDl] = 0 for all i ∈ Y0.
It follows that
[ψ(Γi + Γq), xkDl] + [Γi + Γq, ψ(xkDl)] = 0. (4.3.15)
Since ψ(Γi + Γq) ∈ W−1, we have [ψ(Γi + Γq), xkDl] = 0. Then (4.3.15) implies that
[Γi, ψ(xkDl)] = 0 for all i ∈ Y0. Hence ψ(xkDl) = 0, since ψ(xkDl) ∈ W−1.
Similarly, we may check that
ψ(Γ1′ − Γk) = 0 for all k ∈ Y1 \ 1
′. (4.3.16)
By (4.3.13), (4.3.14) and (4.3.16), ψ(S0) = 0. By Lemma 4.3.1, we obtain that ψ = 0
and φ ∈ adW−1. ⊓⊔
To compute the derivation of Z-degree less than −1 of S to W, we establish the
following lemma.
Lemma 4.3.3. Let φ ∈ Der−t(S,W), t > 1. Suppose that φ(Dij(x
((t+1)εi))) = 0 for
all i, j ∈ Y0. Then φ = 0.
Proof. First claim that φ(Q) = 0. To that aim, we proceed by induction on q to show
that
φ(Dij(x
(qεi))) = 0 for all i, j ∈ Y0. (4.3.17)
If q ≤ t+ 1, then (4.3.17) holds. Suppose that q > t+ 1 in the following. By inductive
hypothesis and Lemma 2.1.1, φ(Dij(x
(qεi))) ∈ Gq−t−2. Then one may assume that
φ(Dij(x
(qεi))) =
∑
r∈Y,|u|=q−t−1
cu,rx
uDr where cu,r ∈ F. (4.3.18)
We treat two cases separately.
Case (i): q − t ≥ 3. For any fixed coefficient cu0,r0 in (4.3.18), choose k ∈ u0 \ r0 since
|u0| ≥ 2. Choose also s ∈ Y0 \ {r0, i}. Then
[Γs + Γk,Dij(x
(qεi))] = −δsj(Dij(x
(qεi))).
Applying φ to the equation above and then combining that with (4.3.18), one may
obtain by a comparison of the coefficients of xu0Dr0 that
cu0,r0 = −δsjcu0,r0 .
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Consequently, cu0,r0 = 0 and φ(Dij(x
(qεi))) = 0.
Case (ii): q − t < 3. Note that q > t+ 1 and then q − t− 1 = 1. Then rewrite (4.3.18)
as
φ(Dij(x
(qεi))) =
∑
s∈Y1,r∈Y1
cs,rxsDr where cs,r ∈ F.
Arguing as in Case (i), one may easily obtain that cs,r = 0 whenever s 6= r. Then
φ(Dij(x
(qεi))) =
∑
r∈Y1
cr,rxrDr.
Applying φ to the identity [xsDl,Dij(x
(qεi))] = 0 for s, l ∈ Y1, we have cs,s = cl,l. Let
λ := cr,r, r ∈ Y1.
Then φ(Dij(x
(qεi))) = λΓ′. Clearly, xlxsDr ∈ S for l, s ∈ Y1, r ∈ Y0 \ i. Note that
[xlxsDr,Dij(x
(qεi))] = 0. Applying φ to this equation, one has
[xlxsDr, λΓ
′] + [φ(xlxsDr),Dij(x
(qεi))] = 0. (4.3.19)
Note that [xlxsDr, λΓ
′] = −2λxlxsDr and φ(xlxsDr) ∈ S−1. Then by (4.3.19), λ = 0.
Thus, (4.3.17) holds for all q and therefore, φ(Q) = 0.
We next prove that φ(R) = 0. Since R ⊆ S1, zd(φ) ≤ −2, it suffices to consider the
case that zd(φ) = −2. Note that φ(S1) ⊂ S−1.
For i ∈ Y0, k, l ∈ Y1, choose q ∈ Y1 \ {k, l}. Then mΓq + Γ
′′ ∈ S0 and
[mΓq + Γ
′′,Dil(x
(2εi)xk)] = Dil(x
(2εi)xk).
Applying φ, one gets
φ(Dil(x
(2εi)xk)) = [mΓq + Γ
′′, φ(Dil(x
(2εi)xk))] = −φ(Dil(x
(2εi)xk)).
Since φ(Dil(x
(2εi)xk)) ∈ W−1,
φ(Dil(x
(2εi)xk)) = 0 for all i ∈ Y0, k, l ∈ Y1.
Note that nΓq + Γ
′ ∈ S0 for q ∈ Y0 and that
[nΓq + Γ
′,Dji(xjxkxl)] = (2− nδqi)Dji(xjxkDl) for i, j ∈ Y0, k, l ∈ Y1. (4.3.20)
Assume that
φ(Dji(xjxkxl)) =
∑
r∈Y0
arDr where ar ∈ F.
Then we obtain from (4.3.20) that
−aqDq = (2− nδqi)
∑
r∈Y0
arDr.
Since p 6= 3, it follows that ar = 0 for all r ∈ Y0.
This proves that
φ(Dji(xjxkxl)) = 0 for all i, j ∈ Y0, k, l ∈ Y1.
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By Proposition 2.2.3, φ = 0. ⊓⊔
We are in the position to determine the homogeneous derivations of Z-degree < −1
of S to W. We first give the following fact.
Proposition 4.3.4. Suppose that t > 1 is not any p-power. Then Der−t(S,W) = 0.
In particular, Der−t(S) = 0.
Proof. Let φ ∈ Der−t(S,W). In view of Lemma 4.3.3, it is sufficient to show that
φ(Dij(x
((t+1)εi))) = 0 for all i, j ∈ Y0. (4.3.21)
We treat two cases separately.
Case (i): t 6≡ 0 (mod p). Recall Γ′′ =
∑
r∈Y0
Γr. Clearly, mΓk+Γ
′′ ∈ S0 for any k ∈ Y1.
By Lemma 2.1.2(viii),
[mΓk + Γ
′′,Dij(x
(t+1)εi)] = (t− 1)Dij(x
(t+1)εi).
Applying φ to the equation above, we have
[mΓk + Γ
′′, φ(Dij(x
(t+1)εi))] = (t− 1)φ(Dij(x
(t+1)εi)). (4.3.22)
On the other hand, since φ(Dij(x
(t+1)εi)) ∈ S−1,
[mΓk + Γ
′′, φ(Dij(x
(t+1)εi))] = −φ(Dij(x
(t+1)εi)). (4.3.23)
A comparison of (4.3.22) and (4.3.23) shows that (4.3.11) holds, since t 6≡ 0 (mod p).
Case (ii): t ≡ 0 (mod p). Write t to be the p-adic expression
t =
r∑
s=1
asp
s where 0 ≤ as < p and ar 6= 0.
Note that
zd(Dij(x
((t−pr+2)εj))) = t− pr < t− 2;
zd(Dij(x
(prεj)xi)) = p
r − 1 < t− 2,
since t is not any p-power. Then
φ(Dij(x
((t−pr+2)εj))) = φ(Dij(x
(prεj)xi)) = 0. (4.3.24)
Direct computation shows that (by using the fact that
(
t
pr−1
)
≡ 0 (mod p) )
[Dij(x
((t−pr+2)εj)),Dij(x
(prεj)xi)] = −
(
t+ 1
pr
)
Dij(x
((t+1)εj )). (4.3.25)
Note that
(
t+1
pr
)
6≡ 0 (mod p). Applying φ to (4.3.25), we obtain (4.3.21) by using
(4.3.24). ⊓⊔
Now we give the following
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Proposition 4.3.5. Let t = pr, r > 0. Then Der−t(S,W) = spanF{(adDi)
t | i ∈ Y0}.
In particular, Der−t(S) = spanF{(adDi)
t | i ∈ Y0}.
Proof. Clearly, (adDi)
pr is a derivation of Z-degree −pr for any i ∈ Y0 and r ∈ N. Let
φ ∈ Der−t(S,W). Consider the action of φ on the element Dij(x
((t+1)εi)) for i, j ∈ Y0.
Note that zd(φ(Dij(x
((t+1)εi)))) = −1. Suppose that
φ(Dij(x
((t+1)εi))) =
∑
r∈Y0
aijrDr where aijr ∈ F. (4.3.26)
For any s ∈ Y0 \ j, by Lemma 2.2.2, Γk + Γs ∈ S0 for k ∈ Y1. Moreover,
[Γk + Γs,Dij(x
((t+1)εi))] = δsi
(
t
1
)
x(tεi)Dj = 0,
since
(
t
1
)
≡ 0 (mod p). Applying φ to the equation above, we have
aijs = 0 for s ∈ Y0 \ j.
Therefore, we obtain from that (4.3.26) that
φ(Dij(x
((t+1)εi))) = aijjDj . (4.3.27)
Observe that
[Dij(x
((t+1)εi)), xjDr] = Dir(x
((t+1)εi)) for i, j, r ∈ Y0 with r 6= i, j.
Applying φ, we obtain from (4.3.27) that [aijjDj, xjDr] = airrDr. Consequently,
aijj = airr, i 6= j, i 6= r.
Write ai := airr for r ∈ Y0 \ i. Put
ψ := φ−
∑
r∈Y0
ar(adDr)
t.
Then ψ ∈ Der−t(S,W) and for all i, j ∈ Y0 with i 6= j, we have
ψ(Dij(x
((t+1)εi))) = φ(Dij(x
((t+1)εi)))−
∑
r∈Y0
ar(adDr)
t(Dij(x
((t+1)εi)))
= aijjDj − aiDj
= aiDj − aiDj
= 0.
Lemma 4.3.3 ensures that ψ = 0; that is, φ =
∑
r∈Y0
ar(adDr)
t. The proof is complete.
⊓⊔
Now we can describe the derivation space Der(S,W) and the derivation algebra
Der(S).
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Theorem 4.3.6. Der(S,W) = ad(W)⊕ spanF{(adDi)
pri | i ∈ Y0, 1 ≤ ri < ti}.
Proof. This is a direct consequence of Propositions 4.2.9, 4.3.2, 4.3.4 and 4.3.5. The
proof is complete. ⊓⊔
Theorem 4.3.7. Der(S) = ad(S + T )⊕ spanF{(adDi)
pri | i ∈ Y0, 1 ≤ ri < ti}.
Proof. This is a direct consequence of Propositions 4.2.10, 4.3.2, 4.3.4 and 4.3.5. ⊓⊔
5. Outer derivation algebras
Let g be a Lie algebra. Denote by Derout(g) := Der(g)/adg the outer derivation
algebra of g. Using the results obtained in Sections 3 and 4, we shall determine the
outer derivation algebras of W and S.
Recall the our notations A := A(m,n; t), W := W (m,n; t), and S := S(m,n; t),
where m,n are integers at least 3 and t := (t1, t2, . . . , tm) ∈ N
m is an m-tuple of
positive integers. We use still the symbols pii := p
ti − 1, pi := (pi1, pi2, . . . , pim) ∈ N
m.
Recall the canonical torus ofW, denoted by T := spanF{Γr | r ∈ Y }, where Γr := xrDr.
Since the full superderivation algebra Der(A) is a restricted Lie superalgebra (see [6]
and [12]), one see easily that Dp
r
i ∈ Der(A) and adD
pr
i = (adDi)
pr for any i ∈ Y0 and
r ∈ N0, where ad is the adjoint representation of the Lie superalgebra Der(A). Put
J := spanF{D
pri
i | i ∈ Y0, 1 ≤ ri < ti}. Note that both T and J are contained in the
even part of the Lie superalgebra Der(A).
5.1. The outer derivation algebra of W
Lemma 5.1.1. J is a (
∑
i∈Y0
ti − m)-dimensional abelian Lie-subalgebra of Der(A)
and [J ,T ] = 0.
Proof. Since [Di,Dj ] = 0, J is abelian. By the formula (1.2.1), [J ,T ] = 0. Applying
Dp
ri
i to all basis elements of A of the form x
(pijεj), one may show that {Dp
ri
i | i ∈ Y0, 1 ≤
ri < ti} is F-linear independent. The proof is complete. ⊓⊔
Now we can characterize the outer derivation algebra of W.
Theorem 5.1.2. Derout(W) is an abelian Lie algebra of dimension
∑
i∈Y0
ti −m.
Proof. This is a direct consequence of Theorem 3.2.11 and Lemma 5.1.1. ⊓⊔
As a direct consequence of Theorem 5.1.2, we give the dimension formula of the
derivation algebra of W.
Corollary 5.1.3. dimF(Der(W)) = (m+ n)2
n−1p
∑
i∈Y0
ti +
∑
i∈Y0
ti −m.
Proof. Note that dimFW = (m+n)2
n−1p
∑
i∈Y0
ti . Since W is centerless, the dimension
formula is a direct consequence of Theorem 5.1.2. ⊓⊔
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5.2. The outer derivation algebra of S
To study the outer derivation algebra of S, we first establish the following lemma.
Lemma 5.2.1. (i) T ⊂ NorW(S); (ii) J ⊂ NorDer(A)(S); (iii) T ⊂ NorW(S); (iv)
J ⊂ NorDer(A)(S).
Proof. (i) Since the divergence is a derivation of W to A, we have
div([Γr, E]) = Γr(div(E)) for all r ∈ Y, E ∈ W.
The assertion follows.
(ii) Note that Dp
ri
i and Ds commute. Using the formula (1.2.1), we have
[Dp
ri
i , fDs] = D
pri
i (f)Ds where i ∈ Y0, s ∈ Y, f ∈ A.
Furthermore, div([Dp
ri
i , fDs]) = D
pri
i (div(fDs)). Since div is linear, (ii) holds.
(iv) Just as in (ii), one may obtain that [Dp
ri
i ,Drs(f)] = Drs(D
pri
i (f)) for r, s ∈ Y,
f ∈ A. Therefore, (iv) holds.
(iii) The proof is analogous to the one of (iv). ⊓⊔
Let S˜ := S + T +J . By Lemma 5.1.1 and 5.2.1(i), (ii), S˜ is a subalgebra of Der(A).
We need the following lemma.
Lemma 5.2.2. S is an ideal of S; in particular, S is an ideal of S˜.
Proof. The first assertion is direct, since S is an ideal of S. Then the second follows
from Lemma 5.2.1(iii) and (iv). ⊓⊔
Proposition 5.2.3. Derout(S) ∼= S˜/S.
Proof. By Lemma 5.2.2, the mapping S˜ → Der(S), E 7→ (adE) |S is well defined. By
Theorem 4.3.7, it is an epimorphism of Lie algebras. Assert that it is also injective. It
suffices to show that the centralizer CS˜(S) of S˜ in S is trivial.
Clearly, CW(S) ⊂ G, since S−1 = W−1. Then CW(S) ⊂ CG(S) ⊂ CG(S0). Using
Lemma 2.1.2, one may verify by an elementary computation that CG(S0) = 0. Conse-
quently, CW(S) = 0 and therefore, CS+T (S) = 0. On the other hand, using the identity
that [Dp
ri
i ,Drs(f)] = Drs(D
pri
i (f)) for r, s ∈ Y, f ∈ A(m), one may easily show that
CJ (S) = 0.
Combing CS+T (S) = 0 with CJ (S) = 0, one may obtain that CS˜(S) = 0, since S is
spanned by certain homogeneous elements of Z-degree at least −1, but, J is spanned
by certain elements of Z-degree less than −1. The proof is complete. ⊓⊔
We have the following dimension formula for the derivation algebra of S.
Corollary 5.2.4.
dimF(Der(S)) =
{
(m+ n− 1)2n−1p
∑
i∈Y0
ti +
∑
i∈Y0
ti −m+ 2 n even;
(m+ n− 1)2n−1p
∑
i∈Y0
ti +
∑
i∈Y0
ti −m+ 1 n odd.
Derivations for the even parts of modular Lie superalgebras W and S 50
Proof. By the proof of Proposition 5.2.3, Der(S) ∼= S˜. Note that S˜ = S ⊕ F · Γ1′ ⊕ J .
By Lemma 5.1.1, it suffices to determine the dimension of S. By the definition of the
divergence, it is easily seen that
div(W) = spanF{x
αxu | α ∈ A, u ∈ B, |u| even; |α|+ |u| < |pi|+ n}.
Therefore, dimF(div(W)) = 2
n−1p
∑
i∈Y0
ti−1, if n is even; dimF(div(W)) = 2
n−1p
∑
i∈Y0
ti ,
if n is odd. Note that S = ker(div |W) and that dimF(W) = (m+n)2
n−1p
∑
i∈Y0
ti . Then
dimF(S) = dimF(W)− dimF(div(W)) =
{
(m+ n− 1)2n−1p
∑
i∈Y0
ti + 1 n even;
(m+ n− 1)2n−1p
∑
i∈Y0
ti n odd.
The proof is complete. ⊓⊔
We shall describe explicitly the structure of the outer derivation algebra of S. If n(=
|ω|) is even, put P := span{x(pi−piiεi)xωDi | i ∈ Y0}. Then P is an abelian subalgebra
of W.
Let V be an abelian Lie algebra of dimension
∑
i∈Y0
ti. Let A ∈ EndF(V ) be semisim-
ple with eigenvalues 0 and 1 such that dimF V0(A) =
∑
i∈Y0
ti−m and dimF V1(A) = m.
Denote the semidirect product by LS := F ·A⋉V. Then LS is a metabelian Lie algebra
of dimension 1 +
∑
i∈Y0
ti.
Theorem 5.2.5. (i) If n is odd then Derout(S) is an abelian Lie algebra of dimension
1 +
∑
i∈Y0
ti −m.
(ii) If n is even then Derout(S) is isomorphic to the metabelian Lie algebra LS of
dimension 1 +
∑
i∈Y0
ti.
Proof. According to [8, Proposition 2.8], we know that S = S ⊕P if n is even; S = S
if n is odd. Consequently, dimF(S) = dimF(S) −m, if n is even; dimF(S) = dimF(S),
if n is odd. Then by Proposition 5.2.3, we have
dimF(Derout(S)) =
{
1 +
∑
i∈Y0
ti, n even;
1 +
∑
i∈Y0
ti −m, n odd.
Again by Proposition 5.2.3, if n is odd then Derout(S) ∼= F · Γ1′ ⊕ J is an abelian Lie
algebra, since we have noted that S˜ = S ⊕ F · Γ1′ ⊕ J.
It remains to consider the case that n is even. By Proposition 5.2.3, we obtain in
this case that
Derout(S) ∼= (S + F · Γ1′ + J +P)/S = (S + F · Γ1′)/S ⊕ (S + J )/S ⊕ (S +P)/S.
Note that [Γ1′ , x
(pi−piiεi)xωDi] = x
(pi−piiεi)xωDi, [Γ1′ ,J] = 0, [J ,P] ⊂ S. Now, a straight-
forward verification shows that Derout(S) ∼= LS . The proof is complete. ⊓⊔
Remark 5.2.6. According to the known results on the outer superderivation algebra
of Lie superalgebra W and S (see [8, Theorems 2.4 and 2.12]), we conclude from
Theorem 5.1.2 that, for the generalized Witt Lie superalgebra W (m,n; t), the outer
superderivation algebra coincides with the outer derivation algebra of the even part
W0. We can also conclude from Theorem 5.2.5 that, for the special Lie superalgebra
S(m,n; t), the same conclusion holds (that is, Derout(S) ∼= Derout(S0)) if and only if n
is even.
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